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ABSTRACT 

 

An inequality providing some better bounds for integral mean via variant of Pompeiu's mean value theorem and 

applications for quadrature rules and special means are given. Our results are of independent interest.  
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I INTRODUCTION 

 
In 1938, the classical integral inequality established by Ostrowski [7] as follows: 

Theorem 1.  Let  Rbaf ],[:   be a differentiable mapping on  ),( ba   with the property that  Mtf )(/
  

for all  ).,( bat  Then 
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for all  ).,( bax   

The constant  
4

1   is best possible in the sense that it cannot be replaced by a smaller constant. 

In [3], the author has proved the following Ostrowski type inequality. 

Theorem 2.  Let  R],[: baf   be a continuous mapping on  ),( ba   with  0a   and differentiable on  

).,( ba   Let  }0{\Rp  and assume that 
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for any ),,( bax where for Aba ,  is the arithmetic mean, pL  is the p -logarithmic mean ,  }0,1{\ Rp   

and  L   is the logarithmic mean. 
Another result of this type obtained in the same paper is as follows: 

 Theorem 3. Let R],[: baf be a continuous mapping on ),( ba  with 0a  and differentiable on ).,( ba   

If 
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for any ),,( bax  where for  ,ba   I  is the identric mean.  

If some local information around the point  ),( bax   is available, then we may state the following result as well 

[3]. 

Theorem 4.  Let  Rbaf ],[:   be continuous on  ),( ba   with  0a   and differentiable on  ).,( ba   Let  

),0( p   and assume, for a given  ),( bax  , we have that 
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 For some recent results in connection with Ostrowski's inequality, see the papers [1-2] and monograph [4]. 
Instead of using Cauchy mean value theorem, S. S. Dragomir [5] and Anna Maria [6] used Pompeiu mean value 
theorem to evaluate the integral mean of an absolutely continuous function. He further gave applications and 
particular instances of functions. The result is provided in the following theorem: 

Theorem 5.  Let  Rbaf ],[:   be continuous on  ),( ba   with  0a   and differentiable on  ),( ba   with  

],[ ba   not containing  .0   Then for any  ],[ bax  , we have the inequality 
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 (1.5) 

where  ,)( ttl     ].,[ bat  The constant  
4
1   is sharp in the sense that it cannot be replaced by a smaller constant. 

In 1946 , Pompeiu [8] derived a variant of Lagrange's mean value theorem, now known as Pompeiu's mean value 
theorem (see also  [8,  p.83]). 

The main aim of this paper is to provide better bounds for integral mean using variant of Pompeiu's mean 

value theorem. Applications to quadrature rules and some special means are also given. 

 

II  MAIN RESULTS 
 

  Theorem 6. Let  Rbaf ],[:   be continuous on  ),( ba   with  0a   and twice differentiable on  ),( ba   

with  ],[ ba   not containing  .0  Then for any  ],[ bax  , we have the inequality 
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where  ,)( ttl     ].,[ bat   

 Proof.  Define a real valued function F  on the interval ],,[ 11
ab

 then applying mean value theorem to F  on the 

interval  ],,[],[ 11
ab

yx    we get 
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Accordingly, the theorem can be extended for higher derivatives. Let  )()( 12

tfttF    be a real valued function 

defined on the interval  ].,[ 11
ab
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Let  ].,[,)( batttl    Putting  ,1 tx   xx 2   in the above result, we have: 
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Integrating (2.3) with respect to t   over  ],[ ba  , we obtain 
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Hence the theorem, 
 Corollary 1. With the assumptions of Theorem 6, we have the following inequality: 
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III THE CASE OF WEIGHTED INTEGRALS 
 
We consider here the following weighted integral case: 

  Theorem 7. Let  Rbaf ],[:   be continuous on  ),( ba   with  0a   and twice differentiable on  ),( ba   

with  ],[ ba   not containing  .0   If  Rbaw ],[:   is non-negative and integrable on  ],,[ ba  then for each  

],,[ bax   we have the inequality: 
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Proof.   Using the inequality (2.3), we have: 
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  Corollary 2. With the assumptions of Theorem 7, we have the following corollary: 
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IV  A Quadrature Formula 

 
 We may utilize the previous inequality to give us estimates of composite quadrature rules which, it turns out 

to have remarkably smaller error than that which may be obtained by the classical results and by S. S. Dragomir [1]. 

Theorem 8.  Let  bxxxxaI nn  ...: 210   be a partition of the interval  ],,[ ba    ,1 iii xxh      

],,[ 1 iii xx    ,1,...,1,0  ni   a sequence of intermediate points. Define the quadrature 
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 Proof. Applying the inequality (2.1) on  ],[ 1 iii xx  , summing over 1,...,1,0  ni  and using the 

generalized triangular inequality, we deduce the desired estimate. 

  Choosing  ,1...,,1,0,
2

1  
niii xx

i   for mid-point rule and with assumptions of Theorem 8, we have: 
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where the remainder satisfies the estimate 
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V   APPLICATIONS FOR SPECIAL MEANS 
 

 Consider Corollary 1 for applications. 
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provide  ba 0  . 

 1.  Consider the function  ,),0(],[: Rbaf     ,)( pttf     }.0,1{\ Rp   

 Then 
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Similar applications for other functions can also be quoted. 

 

REFERENCES 
 

1. Anastassiou, G. A. (2002): Multidimensional Ostrowski inequalities, revisted. Acta Math. Hungar., 97 (4), 339-

353.  

2. Anastassiou, G. A. (2002): Univariate Ostrowski inequalities, revisted. Monatsh. Math., 135 (3), 175-189.  

3. Dragomir, S. S., (2002): Some new inequalities of Ostrowski type, RGMIA Res. Rep. Coll., 5, Supplement, 

Article 11, [ON LINE:http://rgmia.vu.edu.au/v5(E).html] to appear in Gazette, Austral. Math. Soc.  

4. Dragomir, S. S. (2003): An inequality of Ostrowski type via Pompeiu's mean value theorem, RGMIA, Rep. Coll., 

6 supplement.  

5. Dragomir, S. S. and Rassias T. M. (Eds), (2002): Ostrowski type inequalities and Applications in Numerical 

Integration, Kluwer Academic Publishers, Dordrecht/Boston/London.  

6. Maria, A., Babos, A. and Sofonea, F., (2011): The Mean Value Theorems and Inequalities Of Ostrowski Type, 

Vasile Alecsandri., 21 (1): 5-16.  

210 



Farooq Ahmad N. A. Mir, & M. Z. Sarakiya, 2014 

7. Ostrowski, O. (1938): Uber die Asolutabweichung einer differencienbaren Functionen von ihren 

Integralmittelwert, Comment. Math. Hel, 10, 226-227.  

8. Pompeiu, D. (1946): Sur une proposition analogue au theoreme des accroissements finis, Mathematica (Cluj, 

Romania), 22, 143-146.  

9. Sahoo, P. K.  and Reidel, T. (2000): Mean Value Theorems and Functional Equations, World Scientific, 

Singapore, New Jersey, London, Hong Kong. 

 

211 


