J. Appl. Environ. Biol. Sci., 5(5) 321-329, 2015 ISSN: 2090-4274
© 2015, TextRoad Publication Journal of Applied Environmental
and Biological Sciences
www.textroad.com

Ideal u- Weak Structure Space with Some Applications
M. M. Khalf', F. Ahmad?", S. Hussain?

1,23 Mathematics Department, Majmaah University, College of Science, Alzulfi, KSA
Received: March 3, 2015
Accepted: April 19, 2015

ABSTRACT

A. Csaszar, [13] introduced generalized structures on a nonempty set X called a generalized topology. Also, A. Csaszar
, [2] introduced and studied more generalized topology and generalized continuity between generalized spaces. The
purpose of this paper is to define i;u and C;*# under more general conditions and to show that the important
properties of these operations remain valid under these conditions, Also we define and study weaker form of 7,-
open sets , T,- continuity and an ideal *- u- weak structure space and p -weak local function with some applications
on aset X are defined and their properties are discussed.

KEYWORDS: ideal *- u- weak structure space, u -weak local function,

1. INTRODUCTION

A. Csaszar, [3] has introduced a new notion of structures called weak structure. Every generalized topology
is a weak structure. In [3], A. Csdaszar, defined some structures and operators under more general conditions. Let
X be anonempty setand T € P(X)where P(X) is the power set of X. Then t is called a weak structure [3] on X
if ¢ € 7. Anonempty set X with a weak structure 7 is denoted by the pair (X,7) and is called simply a space
(X, 7). The elements of 7 are called t-open sets and the complements of T-open sets are called 7-closed sets [14].
For a weak structure T on X, the intersection of all T-closed sets containing a subset A of X is denoted by ¢, (1)
and the union of all T-open sets contained in 4 is denoted A by i;(1). A subfamily T < P(X) is called a generalized
topology [2] if ¢ € T and 7 is closed under arbitrary union. A generalized topology on X is said to be a quasi-
topology [14] if T is closed under finite intersection. The concept of ideals in topological spaces is treated in the
classic text by Kuratowski [5] and Vaidyanathaswamy [11]. Jankovic and Ha- Mlett [4] investigated further properties
of ideal spaces. Anideal I on atopological space (X, T) is a non-empty collection of subsets of X which Satisfies
the following properties: (1) A €1 and B € A implies B€ [;(2)A €1 and B € impliecsAdU BE€ I.
An ideal topological space (or an ideal space) is a topological space (X,t) with an ideal I on X and is denoted by
(X,7,1).Forasubset AS X, A*(I,7) = {x€X:ANnU &1 forevery U € t(X,x)} is called the local function
of A with respect to I and 7 (see [5]). We simply write A* in case there is no chance for confusion. A Kura-
towski closure operator CI*(.) or atopology 77(I,7) called the *-topology, finer than 7, is defined by Cl"(4) =
AUA" (see[11]). Also, throughout the paper The family 7, ={u N A: A € 7} is the 7 structure induced over
U < X by t is called 7,- weak structure [15] (by short 7,5 ). The elements of 7, are called 7,,-open set ; a setv is
at,-closed setifu —v €1,. Wenote 7 the family of all 7,-closed set. Let v € 7, structure we define the T,-
interior (by short ifu of 7 as the finest 7,- pen sets contained in v that is, iTH(v) = Ugerﬂ{f :§Cv}. Let vE T,
structure we define the 7,-closure (by short c,ﬂ) of T as the smallest 7,- closed sets which contained in v that is ,

¢, (V) = n;erﬂ{,u —&:v € u— &} Asubset Aof X is said to be 7,-sso(1) (resp.7,-so(d),7,-po(4) , T,-spo(A))

if2 ¢ ig, (cr, (10, @) Cresp . 1€ e, (i, W) ) 2 i, (06, D) s A€ e, (i, (e, () - We will denote
the family of all 7,,- sso (resp. 7,-s0, 7,-po, T,-spo ) sets in a space (X,7), p <X by 7,- sso(X) (resp. T,-
so(X) , 1,-po(X),7,-spo(X) ) . The complement of the elements of 7,- sso(X) (resp. 7,-so(X) , 7,-po(X),,-
spo(X) ) ae called 7,- ssc(X) (resp. 7,- sc(X) , 7,-pc(X),7,-spc(X) sets . Let 7, be a7,S, Let A and B
be subsets of 7,S. Ifeither A or B is 7,-so(X), then ifu (CT# (A nB)) = iTu(CTu A)n iTu (Cru(B)).

For more details about weaker forms of 7,,-open set see [15].

Definition 1.1. let (X, 7) be a, weak structure of X, 1 € X is called

) Nz, -set if A=UU B where U € 7, and B is 7,,5sc- set
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2) Btﬂ-set if A= U U B where U € 7, and B is 7,,sc- set

We denote the family of all 7, -set (resp. B -set ) by 1, (X) (resp. B, x)
Remark 1.1. (1) Since X is 7,-closed, as well as 7,-semiclosed. and so every
T,-0pen set is Nz,-sets, as well as ,[)’Tu-set
2) If X € 7, every 7,ssc-setis an Nz, -set. And every T, 5c-set, is ,[)’Tu-set
B) 1, () C B, ()

Example 1.1. Let X = {a,b,c,d},7 = {¢,{a}, {b},{c}}. and u = {a, b, c} , then
1, = {¢,{a}, {b}, {c}}. If 1 = {a}, then i, (D) = {a}, then iz, ¢;,(A) ={a} c 4, and
sodis T,-sc. Since A = AN {a},{a} €7,.then 1 € n,M(X).

Theorem 1.1. Let (X, 7) be a, weak structure of X and A, u € X. , then the following stamens are equivalent:

€))] Aisan Ne,-set
) A=Un C.ru(‘[u — s50(4) for some T,-open set U and 7,550(X) is generalized topology on X
Proof

(1) = (2). Suppose A is an 7,-set. Then A = U NF where U € T, and F is 7,ssc-set. Now A € F implies that
¢, (T, — S50 (1)) € F,since 1, — sso is a generalized space by Lemma 1.1 andsoA S U N ¢, (T, — ss0 ))cUun
F = A1 which implies that

A=Un Cr, (T” — sso(l)).

(2)=> (3). By Lemma 1.1, since 7, —sso(4) is a generalized space and so c;, (1) is 7, —ssc. Hence 4 €
Mz, (X)

Theorem 1.2. Let (X, 7) be a weak structure of X ,A,u € X, then the following stamens are equivalent:

(a) Aisan Nr,-set

(b) Cr, (T# — S50 (A)) is T, — ssc

©) AU (X — (T” - sso(l))) is T, — sso-set
(d) ACi, (AU X — ¢ (7, — s50(2)))

Then (a) = (b) = (¢) = (d)
Proof

(a)=(b).If A isan Ne,-set by Theorem 1.1 ,A =UnN Cr,, (Tu — sso(l)), for some 7,,_open set U.Now
Ce, (Tu - sso(/l)) —1= ¢, (Tu - sso(/l)) —(Un Cru(fu —sso(1)) = ¢, (T” - sso(A)) N((X-U)u X -
c,ﬂ(rﬂ — sso(ﬂ))) =

Cr, (T” — sso(A)) N ((X—U)andso Cr, (Tu - sso(/l)) —Aist, —ssc

u

) =(c) Cr,, (T” — sso(A)) — Aist, — ssc, implies that X — (Cfu (T” - sso(A)) -

is 7, —sso,andso AU (X — c,ﬂ(rﬂ —sso(2))) is T, — SS0.

(¢c) = (d). Since A S AU (X — ¢, (1, —550(2))), by (¢), 4 € ir, (AU (X —

c,ﬂ(rﬂ - ss0(1)))).

Example 1.2 Let X ={a,b,c,d}, T = {d), {a}, {b}, {c}}, A= u={ab,c}, and

T, = {¢,{a}, {b},{c}}. If A ={a,b,c} then Cr, (Tﬂ — sso(/l)) —A={d}is 1, —ssc(d), and AU (X — ¢, (7, —
sso(1)) ={a,b,c} U{X —X}={a,b,c} UD ={a,b,c} =2 is T, — sso- set but Ais not an M, -set
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Definition 1.2 Let (X, 7) be a weak structure of X, A,u € X. Then A is said :-
T,-locally closed if A =G N F where G is 7,-open and F is 7,-closed

Remark 1.2 Since X is 7,-closed, every 7,-open set is 7,-locally closed .The following theorem is gives some
properties of 7,-locally closed sets.

Theorem 1.3 Let (X, 7) be a weak structure space and A, 4 € X. Then the following hold :
(a) If A is t,-locally closed, thenA =Un cru(l) for some t,-open set U
(b) If tis a generalized topology and A =U N cru(A) for some t,-open set U,
then A is t,-locally closed.
proof
(a)=(b). Suppose 4 is a T,-locally closed set. Then A = U N F where
U €1, and Fis t,-closed. Now A € F implies that cru(l) C F,by Lemma andsoAc Un Cr,, MDcUnF=21
which implies that A = U n Cr, ).
(b) = (a). If T is a generalized topology, then Cz,, (4) is t,-closed and so A is
7,-locally closed.
Corollary 1.1 ([12], Theorem 2.8 ). Let (X, T) be a generalized space and A, u € X.
Then the following are equivalent.
(a) Ais 1,-locally closed.
b)) A=Un cru(l) for some t,-open set U.

Theorem 1.4. Let (X,t) be a WS space and A,u S X. If A ist,-open,then A
is an T, — sso-set and an Ne,-set
Proof. If A is7,-open, then clearly, 1 ist, — sso-setand an Ne,-set.

Theorem 1.5. Let (X,t) bea generalized space and A,u € X. Consider the
following statements.

(a) A is T,-open.
(b) A is T, — sso-set and an Ny, -set.
(©) A is t,-open and T-locally closed.

(d) Ais T -preopen and t,-locally closed.
(e) Ais t,-preopen and an N, -set.
(f) Aist,-preopen and at, — spo-set.

Then (a) = (b) = (c) = (d) = (e) = (f). If 1, is a quasi-topology, then (f) = (a).

proof
(a) = (b). The proof follows from Theorem 1.3

(b)= (c). Since A isan N, T-set, A=Un Cr,, ((t, - sso(X)(4)) forsome 7 ,-openset U. Since Ais T, — spo
set, ¢, (Cr, (T” — sso(X)(A)) =¢;, (AU ¢, (ifu (Cfu (/1))) by Lemma 22 of [3] and so =

Ce,, (c,ﬂ (i,ﬂc,ﬂ (/1))) = ¢ (ifu (C.,_-H) (xl)) = (g, (T# — sso(X)) (A1) which implies  that Cr, (Tﬂ -
sso(X )) (1) is 7,-closed. Hence 4 is T,-locolly closed
The proofs of (¢c)=(d), (d)=(e) and (e)=() are clear.

(f) = (a). Conversely, suppose A4 is both a 7,,-preopen set and a 7, — sso- set. Then A = U N F where U is 7,-open
and i, (C.,_-H (F)) =i, (F) . Since A1 is 7 -preopen , A C i, (C.,_-H (/1)) =i, (e, UNF) cig, (c,ﬂ (U)) n

ifu (CTu (F)) -
iz, (¢, (U)) N iy, . Hence A=ANU ciycy, w)yn iz, (F)nU=Un i, (F) ©
UNF = A. Therefore, A= Un i,ﬂ(F ). Sincet, is a quasi-topology, A isT,-open
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Definition 1.3. Let (X,7) and (Y,y) be a weak structures, u € X, p' <Y . A function f: X - Y is said to be
(T, -continuous [2] ) (resp., (n,u -continuous, ,BTH-Continuous, T, S-continuous, 7,ss-continuous, T,p-continuous,
7, lc-continuous) if f~*(V) Ny € 7 (resp.,f'(V)Npue€ Mz, S WM npe Brys W) nuer, —soX),
W nuer, —ssoX), f7AWV)Npet, —poX), f (V) Nuet, —lc(X)) forevery V € ye,

The following theorem gives decompositions of (ru,yf(u))-continuous functions, the proof of which follows from
Theorem 1.5

Theorem 1.6. Let (X,7) and (Y,y) be a weak structure spaces and u cX, u cY where
(X,7) is a quasi topological space, and letf:X > Y
be a function. Then the following are equivalent
@) f is t,-continuous.
(b) f is ng, - continuous and T,s - continuous
(o) f is t,lc- continuous and t,ss -continuous
(d) f is t,lc- continuous and t,p-continuous.
(e f is N, - continuous and T,p - continuous
) f is ﬁfu - continuous and T,p - continuous
Theorem 1.7. Let (X ,7) and (Y,y) be ©S's,u cX,and f:X - Y .Then fis
T,- continuous if for each v € yy,y, we have unf~'(v) €1,
Definition 1.4 Let f: (X,t) — (Y,y) be a mapping from a weak structure (X,t) to another (Y,y),and
uwc X .Then f is called:

(i) an 7, —semicontinuous (briefly, 7,5¢) mapping if for each v € yf,), we have
unf() € 1, — so;
(i) an 7, —precontinuous (briefly, 7,pc) mapping if for each v € vy, , we have u n f~*(v) € 7, — po;
(iii) an 7, —strongly semi continuous ( briefly , 7,ssc) mapping if for each v € yy(,, We have un f1(v) €

T

u — SS0;

(iv) an 7, — semi precontinuous (briefly, 7,spc) mapping if for each v € yf(,), wehave punf ) e T, — Spo;

Remark 1.3. The implications between these different concepts are given by the following diagram:
T—cC

V Tu-C

A 4 T,- SSC

T,- pC Ty SC

T,- Spc
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Examples 1.3. Let X ={a,b,c},t = {¢,{a},{b}}, u={b,c} Ty = {p.{b}}, Y =

yhy={o, 3}, f: X >V, and f(a)=f(b) =x, f(c) =y, then f(u) = {x,y},

then vy, = {0, {x}}, since: f71(@) =0 nu=0€4,, then f71(x) ={ab}npu=

{b} € 5, thent is continuous . and f~'(a) = @,f ' (x) = {a,b} ¢ 7, then f is not T-continuous mapping

2. IDEAL #*- uy- WEAK STRUCTURE SPACE AND u-WEAK LOCAL FUNCTION

For a subset u & X. Let 7, and [ a u- weak structure space and an ideal u- weak structure space (denoted by
(t); on aset X

Let 7, isa pu — weak structure space and Ut,(x) ={U: x € U,U € t,} be the family of 7,-open sets which
contain a point x € X.

Definition 2.1. Anideal I on a u- weak structure space (X, Tu) is anon-empty collection of subsets of X
which Satisfies the following properties: (1) A €1 and B €A implies B€ l; (2)A €l and B €1
implies AU B € [

Definition 2.2.  Let (X, (7,);) be anideal u- weak structure space . Fora subset4,u < X, A;ﬂ ) ={x €

X:UnNnA¢&IforeveryU €Ur, (x)} iscalled the u-weak local functionof A with respectto Iand T,.
We will simply write A.’;u for A;# (T D)

Theorem 2.1. Let (‘L’u be a u- weak structure on aset X,I,J idealson X and A, B, u be subsets of X. The
following properties hold:

1. If A € B,thendr <B;

2. If 1 €J ,thendy (D<A, (D

3. A;ﬂ = Gy (A;H) < Cry, 4

4. Az, U B, € (AU B),

5. (s, )TH c 4,
6. If A € I, then A;, = 0

Proof. (1) Let A € B. let x & BT*# .implies that U N B € I for some U € AUt,(x). Since U N A <
UnB and UNnB el ThenUnA €l from the definition of ideals. Thus, we have x & A7 . Hence
we have A.’;u c BT*# .
(2) Letl € J and x EA.’;u(J) .Then U n A & J forevery U € Ut,(x). By hypothesis, U N A¢&I.Sox €
Az ().
(3) Since A;H c cT(A;ﬂ). Let x €¢, (A;H). Then A;H NU#@ for every U € Uty (x). Therefore, there
exists some y EA;ﬂ NU ad U € Ar,(y). Since y EA;ﬂ, ANnU &1 and hence x € A;H.
Hence Cr,, (A;H) SA?H and Cr,, (A;ﬂ) =A§H . Again, let x € Cz,, (A;ﬂ) = A;H, then AN U¢& [ for
every U € Ut, (x). ThisimpliesA N U # @ forevery U € Ur, (x). Therefore, x € Cr,, (4). This
proves A;H =g, (A;H) ey 4.
(4) This follows from (1).
(5) Let x € (A;ﬂ )* . Then, for every U € Ut, (x), UnA;M ¢ 1 and hence U N A;ﬂ #@. Let y €U n

Tu

A.’Zu. Then U € U, (y) and y EA.’;u. Hence we have U N A ¢ I and x EA.’;u. This shows that
(4, )TH c A,
(6) Suppose that x € A7, . Then forany U € Ur, (x), U N A 1 But,since A €1, UnA €] Thisisa

contradiction. Hence A.’Zu =0

The converses of Theorem 2.1 need not be true as seen in the following examples

Example 2.1. Let X = {a,b,c,d} ,u = {a,b,c} and 71, =7 = {0,{a},{b},{a,b,c},{b,c}, {a,c}} bea u-
weak structure on the set X with I = {@,{a}}. For A = {a,c}andB = {b,c}, wehave A7 ={c,d} S B;, =
{b,c,d}but A € B.
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Example 2.2. Let X = {a,b,c,d},u = {a,b,c} and 7, =7 = {@,{a},{b},{a,b,c},{b,c},{a,c}} beapu-weak
structure on the set X with I = {@,{b}} and J = {@,{a}}. It is easily seen that I £ J but for A = {a,c}
we have A;u([]) ={c,d} € A;u(l) ={a,c,d}.

Example 2.3. LetX = {a,b,c} ,u = {a,c}and 7, =7 = {0, {a},{c}} be a u- weak structure onthe set X with
I = {@,{a}}. For A= {a,c}, we have ¢, (A)=X=#A4;, (D= {bc}= c,(A7,(])).

Example 2.4. LetX = {a,b,c},u = {a,b,c}andt, =1 = {@,{a,b},{b,c}} beau- weak structure on the set
X with I ={0,{b}}. For A ={a} and B = {c} we haveA; (I)={a}, B;,()={c} and
(AU B)z, (I) = X. Hence, we have (4 UB);ﬂ # Az, UB;,.

Definition 2.3. Let (X,(z,);) be an ideal u- weak structure space . The set operator c,*ﬂ is called a p- weak
structure *-closure and is defined as follows: C;ﬂ(A) = AU A;ﬂ for A,u © X. We will denote by 7°,(1))
the u- weak structure determined by cT*H , thatis, °,(t)) ={U € X: c;‘” w—-U)=pu—-U} = {Uc
X: i;M(U) =U}. 17,(t) is called an *-u- weak structure which is finer than t,. The elements of 7*,(7;)
are said to be 77,(I) -open and the complement of a t*,(I)—open set is said to be 77, (I) —closed
Throughout the paper we simply write ©°,(I) for 7°,(z;).If I is anideal on X, then (X,7";) is called an

ideal *- u- weak structure space.
Proposition 2.1. The set operator cT*H satisfies the following conditions:

L. Acc, (4

2. q, (@) =0 and €1, X=X

3. If A € B, then c;‘ﬂ 4) € c;‘ﬂ (B)

4. ¢, ADUc, B)S¢, (AUB)

5. ¢, AnB)S ¢;, (A)nc, (B)

Proof. The proofs are clear from Theorem 2.1 and the definition of C.r*u

3. IDEAL u- WEAK STRUCTURE SPACE

In this section let a u- weak structure 7, have the property any finite intersection of 7,-open sets is 7,-open
and (X,7;) is called an ideal pu- weak structure space with this property

Proposition 3.1. Let (X,7;) be an ideal u- weak structure space and A,u <X , then U nA;ﬂ =Un
Un A);ﬂ cUn A);H for every U € 1,

Proof. Suppose that U € 7, and x € U N A.’Eu. Thenx € Uand x € A;# .Let V €Uty (x). ThenV N
U e Ury(x)andV n (U N A) = (VnU)nA&I. This shows that x € (U N A);u and hence we obtain
U nA;u cUn A);u . Moreover, U nA.’Zu cuUn@UnN A);u and by Theorem2.3 (1) (U n A);u c A.’;u and
Un U n A);u cu nA;# . Therefore, U nA;u =Un {UnN A);u
Theorem 3.2. Let (X,7;) be an ideal u- weak structure space A, B,u S X . Then A.’;u U B;u =(A U B) ;u
Proof. It follows from Theorem 2.1 that A;# U B;u c (AU B) ;u . To prove the reverse inclusion, let x ¢
A.’;u U Bf*u' Then x belongs neither to A;# nor to BT*#. Therefore there exist U, V € Ut, (x) such that

UnNnAe€land V n B € I.Sincel isadditive, (U N A) U (V N B) € I. Moreover, since [
is hereditary and
WU nA Ul nB)

[(UNnA UuV]n[UnNA UB]
WuvV)Yn(Auv)Yn U uUuB)n (AUB)
WnvVvV)Yn(@AuvB),
WnV)YnAuB)el Since UNnV)eUr, (x), x¢ (AU B);u. Hence (A U B);u EA;tUB;u .
Hence we obtain A.’;u U B;u =(A U B);u .

Theorem 3.3. Let (X, 1;) bean ideal u- weak structure space and A, B,u € X . Then the following properties
hold:
I ¢;, (AU B)=c,(A)Vc,(B)
2. ¢, (A) = cq,(c,(A)

Proof. By Theorem 3.2, we obtain

(VR
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(1) ¢;,(AUB)=(4 U B);, U(AUB) = (4;, UB;,) U (AUB) = ¢} (4) U c;,(B)

@ o, (cr*u(A)) = ¢, (A.’;u u A) = (4;, U A);, U (45, U A) = ((4;):, VA ) U (A.’;u u A) =A;, VA
7, (A)

u

Corollary 3.1. Let (X,T;) be an ideal p- weak structure space , 4,4 € X and c;ﬂ(A) = AU A*T”. Then yéu =
{U € X: ¢, (n—U) = p—U} is atopology for X

Proof. By Proposition 2.1 and Theorem 3.3, C;#(A) = AU A;# is a Kuratowski closure operator. Therefore,
yiu a topology for X.
Lemma 3.1. Let (X,7;) be an ideal u- weak structure space and A,B,u S X . Then A;# — BT*# =(A—- B);u —
B:,
Proof. By Theorem 3.2, A;# =[(A-B)Uu(@An B)];u =(A- B);u U@n B);u c (A- B);u U BT*# .
Thus A;u - B;u c (A - B);u — B{fu . By Theorem 2.3, (A — B);u EAiu and hence (A — B);u - B;u c
A;u - B;u Hence A;u - B;u = (A - B);u - B{fu
Corollary 3.2. Let (X, 7;) be an ideal u- weak structure space and A,B,u S X with B € I. Then (A U B):, =
A, = (A - B);,
Proof. Since B € I, by Theorem 2.1, BT*ﬂ = @. By Lemma 3.1,A§H =(A- B);ﬂ and by Theorem
32 (AU B);, =A;, UB;, = A,
Theorem 3.7. Let (X,7;) be an ideal u- weak structure space Then B(t) ={V — 1: V € 1, l € I} is a basis
for (1),
Proof. Let (X,t;) be an ideal u- weak structure space, u S X . It isobvious that A is (y);u -closed if and
only if A;u € A. Now we have U € (y);u ifand only if (u — U);u Cu—"Uifand only if U S u —
(u— U);u Thereforex € U € (y)iu implies that x & (u — U);u. This implies that there existsV €
At,(x) suchthat V.n (u— U) € I. Now let | =V n (u — U) andwehave x € V — | € U, where
V €U, (x) and [ € I. Now we need only show that f is u-closed under finite Intersection. Let A,B €
B, then A =H —1 and B =K — j, where H,K €7, and [,j€ I. Now, we have
H-DnE-H=MHnX-DIn[Kn@E-j]

[Hn K] nfu—0n@u-=j]

=[HnK]n[p—-(Vj)]

=[HNK]—-({U)).
Since ({ Uj) € I and [H N K] € 7,, AN B € B. Therefore f is pu-closed under finite intersection. Thus § =
{v-1:V €1, € I} isabasis for (y);ﬂ_

4. APPLICATIONS

Definition 4.1. Let (X,7,) be u -weak structure, 4,4 S X. A point x € X is called accumulation points of a
subset A iff for every 7,-open sets 1 containing x, (X —A)NA # Q.
Remark 4.1. The set of all 7,-accumulation points of asubset A of apu -weak structure (X,7,) is

A™ = {x € X: U n A is infinite for every U € N(x)} where N is the ideal of all nowhere dense
sets.

Definition 4.2. Let (X,7,) be u-weak structure, 4,4 S X. A point x € X is called condensation points of A iff
forevery U € V' (x),U N A is uncountable

The set of all condensation points of A is A*¥ = {x € X: U n A is uncountable for every U € N (x)}.
It is interesting to note that A;u(l) is a generalization of closure points, 7,-accumulation points and
condensation points
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We callaclass 0 S P(X) ageneralized topology [2] (briefly, GT) if ¢ € 2 and the arbitrary union of
elements of 2 belongsto f2.

Aset X with a GT 2 on it is called a generalized topological space (briefly, GT S) and is denoted by
X, Q).

The proofs of the following theorem is clear.

Theorem 4.1. For a u -weak structure space (X,7,), 4 © X. the following properties are equivalent:

1. 7, = 2 ie. tisageneralized topology in the sense of Csdszdr.

2. iru(A) is 7,-open for every subset A of X

3. ¢, (A) is 7,-closed forevery subset Aof X

Remark 4.2. For a  -weak structure space (X,7,), # € X, and

T, ,={AcX: A= iT#(A)}. Then:

1.7," isaGT containing 7,

2., 1 <,

Theorem 4.2. Let (X,7;) be an ideal u- weak structure space. Then,

7," (I) is a GT containing 7,*

Proof. If A€7,”, A= iru(A) c i;u(A) and hence A € 7,°(I). Therefore, 7,"(I) contains 7,". Let
A, €1, (I). foreach « € A. Then A, = i;#(Aa) c i;# (U Aa) for each @ € A. Hence U Aa < i;#(U Aa)
and U Aa = i;u(u Aa). Therefore, U Aa € 7," (I). And 7,"(I) isaGT

Definition 4.3. Let (X, t;) be an ideal u- weak structure space and 4,4 S X. Then

A € 1= sso(r) if A € ip (¢, (7, (A))

A € 1y —so(r) if A € ¢ (ir,(A)

A € t,-po(ty) if A < itﬂ(c;H(A))

A € 1y-spo(t)) if A S ¢, (ir,(c7,(A)))

Lemma 4.5. Let (X,7;) be an ideal u- weak structure space , we have the following

1. 7, € 1,—sso(r) < 1, —5s0(t)) S 7,4-spo(7)

2.1, S 1,—sso(t) < 14-po(t;) S T,-SpO(T))

Definition 4.4 Let (X,7;) be an ideal - weak structure space . The ideal - weak structure space is said to be 7,-
extermally disconnected if cT*H(A) €1, forA,u S Xand 4 € 1,

Theorem 4.3. Let (X, T;) be an ideal u- weak structure space. Then the implications (1) = (2),(3) = (4) and
(5) = (6) = (7) hold. If 7, = 7," then the following statements are equivalent:

1. (X, 7;) is T,-externally disconnected.

2. i;H(A) is T,~closed for each T,-closed set A,u < X

C;H(iTH(A )) € iru(c;u(A)) foreach A,p € X

Rl S

3

4. A € 1,-po(r;) foreach A € t,—so(7)

3. C;H(A) € 1, foreach A € t,-spo(z))

6. A € t,-po(r;) foreach A € t,-spo(l)

7. A € t,— sso(t;) ifandonlyif A € T, —so(t))

Proof. (1) = (2). Let A bea ty,-closed set. Then u — A is t,-open. By using (1), cT*u(,u—A) =u —
i;H(A) € 1, . Thus i;u(A) is T,-closed

(2) = (3). Let u, A € X. Then u —i;(A) is t-closed and by (2)
i;u(,u - iTH(A)) is T,-closed. Therefore, C;u(iru(A)) is T,-open and hence CT*H(L'TH(A)) c iTu(CT*u(A))

(3) = (4). Let A€T1y,—so(r;). By (3), we have A < CT*H(L'TH(A)) c iTu(CT*u(A))' Thus, A € T,-po(7))
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(4) = (5). Let A € t,-spo(r;) Then C;H(A) = c;u(iTM(C;H(A))) and C;H(A) € 1, —so(z;). By (4),
C;H(A) € T1,-po(7;). Thus CT*H(A) c iTH(CT*H(A)) and hence C;H(A) is T,-open

(5) = (6). Let 4 € 7,-spo(z;). By (5), ci, (4) = i, (C;H(A)).Thus,AQCT*H(A) € iy, (c3, (4)) and hence
A € t,-po(t))

(6) = (7). Let A € 1, —so(r;) then A € t,-spo(r;). Then by (6), A € t,-po(z;). Since A € T, —
so(z;) and A € t,-po(l) then A €7, — sso (t;)

(7) = (1). Let A be a t,-open set. Then CT*H((A) € 1, —so(z;) and by using (7) CT*H(A) € 1, — sso (1)
Therefore, CT*H((A) c iTH(C;H((iTH(C;H((A)))) = iTH(CT*H((A)) and hence

¢, (A) = i, (c7,(A)). Hence ¢y (4) is Ty-open and (X,7;) is 7 -externally disconnected

5. RESULTS AND DISCUSSION

The purpose of this paper is to define i;ﬂ and c;‘” under more general conditions and to show

that the important properties of these operations remain valid under these conditions, Also we define and study
weaker form of 7,-open sets , 7,- continuity and an ideal *- - weak structure space and p -weak local function
with some applications on a set X are defined and their properties are discussed.

6. CONCLUSION

We can add many applications in ideal u- weak structure space like if (X, t;) be an ideal u- weak structure space.
If 7, =1,” (I). Thenif (X,7;) is 7,-externally disconnected then Cr, A)n Cr, (B) c ¢, (AN B)foreach A €1y,
B €1," and c;‘u(A) Ncg, (B) =@ foreachA€1,, BET, withAn B =0.
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