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ABSTRACT 
 

The Residue Number System (RNS) has been an important number system due to its significant properties 
such as carry-limited and independent arithmetic operations. The binary to residue encoder, i.e. binary to 
residue converter is an important part of RNS that is needed to adapt RNS with the traditional weighted 
binary number system. In this paper, a new approach is proposed to enhance the speed of the binary to 
residue converter by the use of only one modular parallel-prefix adder to perform the needed addition on 
the critical path while the other parts of the converter use ripple carry adder (RCA)-based modulo adders to 
do the required two-operand modular additions. This method results in a good trade-off between the delay 
and hardware area of the binary to residue converter.  
KEYWORDS: Residue Number System, Parallel-Prefix Adder, Forward Converter. 

 
1. INTRODUCTION 

 
The Residue Number System (RNS) has been used during the previous decades in digital signal 

processing (DSP), cryptography, image processing to achieve high speed designs [1]. The RNS consists of 
three major parts: binary to residue converter, modular arithmetic channels and residue to binary converters. 
The binary to residue and residue to binary converters are needed to achieve the residue representation of 
the regular number and vice versa, respectively [2]. 

The complexity of the RNS converters are considerably depends on the moduli set of RNS. Hence, 
many efforts have been done by researchers to find suitable moduli sets for different applications. The old 
RNS moduli sets that attracted attention during the previous decades is {2n-1, 2n, 2n+1} [3]. However, 
limitations of this set forces researchers to discover more moduli sets with higher dynamic range and more 
moduli. Such moduli sets are {2n-1, 2n, 2n+1, 2n+1-1}, {2n-1, 2n, 2n+1, 2n+1+1} [4], {2n-1, 2n, 2n+1, 22n+1} 
[5], {2n-1, 2n+1, 22n, 22n+1}, {2n-1, 2n, 2n+1, 22n+1-1} [6]. Among these, the moduli set {2n-1, 2n+1, 22n, 
22n+1} provides high dynamic range (6n-bit) with a simple and cost-efficient residue to binary converter. 
Hence, this moduli set is considered in this paper to apply the hybrid approach to enhance the speed of the 
binary to residue converter. 

Parallel-prefix adders [7] have been known as powerful adders which can be used to provide fast 
additions and multiplications. However, parallel-prefix adders are not widely used in the hardware 
implementation of the binary to residue converters, mainly due to the large hardware cost of the prefix 
adders which can lead to inefficient designs. Hence, the full implementations of the RNS binary to residue 
converter based on parallel-prefix adders can lead to high hardware-cost and consequently considerable 
power dissipation than the use of ripple-carry adder (RCA)-based architectures.  

This paper presents a high-speed binary to residue converter using two different adder components to 
implement the conversion formulas. First, the cost-efficient ripple-carry adders (RCAs) are used to realize 
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to the additions which are not on the critical path. Next, a fast parallel-prefix adder is used to implement the 
most complex and lengthy addition on the critical path. This approach can be applied on different binary to 
residue converters to reduce the total delay of the converter. 
 
2. Binary to residue Converter Equations 

This section derives the required equations to perform binary to residue conversion for the moduli set 
{22n, 2n-1, 2n+1, 22n+1} with corresponding residues (r1, r2, r3, r4). Binary to residue converter consists of 
separate reduction channels for each modulo of moduli set. As described in [1], the following equations can 
be used to obtain the hardware implementation of each reduction channel. Note that since the dynamic range 
of this moduli set is 6n bits, the initial weighted number is also considered as an 6n-bit number: 

6 1 1 0

6  

...n

n bits

X x x x


                (1) 

Alternatively, X can be represented using n-bit blocks as follows: 

5 4 3 2
5 4 3 2 1 02 2 2 2 2n n n n nX K K K K K K                   (2) 

Where 

0 1 1 0

 

...n

n bits

K x x x


                 (3) 

1 2 1 1

 

...n n n

n bits

K x x x 


                (4) 

2 3 1 2 1 2

 

...n n n

n bits

K x x x 


                (5) 

3 4 1 3 1 3

 

...n n n

n bits

K x x x 


                (6) 

4 5 1 4 1 4

 

...n n n

n bits

K x x x 


                (7) 

5 6 1 5 1 5

 

...n n n

n bits

K x x x 


                (8) 

Now, the residues of X based on the moduli set {22n, 2n-1, 2n+1, 22n+1} should be calculated. First, the residue 
of X in modulo 22n can be obtained as below: 

2 2 2
5 4 3 2

1 5 4 3 2 1 0 1 0 1 02 2 2
2  

2 2 2 2 2 2 :n n n
n n n n n n

n bits

r X K K K K K K K K K K               


(9) 

Therefore, to compute the above equation, the first and second blocks can be concatenated. Hence, 
calculation of residues in modulo 22n needs no computational hardware. The reduction circuits for the moduli 
2n-1 and 2n+1 can be simply obtained by considering the following formulas: 

2 5 4 3 2 1 02 1 2 1n nr X K K K K K K
 

                     (10) 

3 5 4 3 2 1 02 1 2 1nr X K K K K K K
 

                      (11) 

Hence, six-operand moduli 2n-1 and 2n+1 adders are required to achieve r2 and r3. These multi-operand 
adders can be realized by carry-save adders (CSAs) Tree and a final two-operand modulo adder. Finally, 
calculation of r4 can be done as below: 
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2 2

2

4 5 4 3 2 1 0 5 4 3 2 1 02 1 2 1
2  2  2  2 1

( 2 ) ( 2 ) ( 2 ) : : :n n

n

n n n

n bits n bits n bits

r X K K K K K K K K K K K K
 



            
  

 

                      (12) 
Therefore, after concatenation two consequent n-bit blocks to one 2n-bit block, a 3-operand modulo 22n+1 
adder is needed to realize r4. 
 
3. Hardware Realization 

The binary to residue converter for the moduli set {22n, 2n-1, 2n+1, 22n+1} relies on the formulas 
(9)-(12). Computation of r1 (9) only requires a simple concatenation and some wiring. Implementation of r2 
(10) and r3 (11) are based on multi-operand modular adders (MOMA). Here, the method of [8] and [9] is used 
to implement the required 6-opernad modular additions. First, to realize (10) four CSAs with end-around 
carry (EAC) are used to compress the six vectors to only two vectors. Then, a two-operand modulo (2n-1) 
adder should be used to do the final addition. Similarly, to implement (11) four CSAs with complemented 
end-around carry (CEAC) followed by a two-operand modulo (2n+1) adder must be used. It should be 
mentioned that here the modular adder architectures based on ripple carry adder (RCA) are considered to 
perform these final two-operand modular addition. Such adders are comprehensively described in [1]. 
Finally, to implement the most important part of the converter, i.e. the reduction circuits for modulo (22n+1) a 
2n-bit CSA with CEAC followed by a two-operand modulo (22n+1) adder is needed. Here, a modulo (22n+1) 
parallel-prefix adder [7] is used to realize this final two-operand addition. In contrast with other parts that use 
RCA-based modular adders, the fast modular parallel-prefix adder is used only to perform this addition. By 
this way, the delay of the converter will be considerably reduced since the delay of the binary to residue 
converter for the moduli set {2n-1, 2n+1, 22n, 22n+1} is restricted to the modulo (22n+1) reduction channel. 
Figures 1-3 show the resulted binary to residue converter for the moduli set {22n, 2n-1, 2n+1, 22n+1}. Note that 
the small squares in the figures indicates the two’s complement. 
 

 

Figure 1. The binary to residue converter architecture: reduction circuits for r1 and r2 
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Figure 2. The binary to residue converter architecture: reduction circuits for r3  

 

Figure 3. The binary to residue converter architecture: reduction circuits for r4 
 
4. Conclusion 

 
This paper presents a binary to residue design method based on hybrid use of parallel-prefix and 

ripple-carry adders for the RNS moduli set {2n-1, 2n+1, 22n, 22n+1}. The use of fast parallel-prefix adder on 
the critical path to realize the slow modulo (22n+1) addition results in significantly decreasing the delay of 
the converter while using RCA-based adder architectures to implement other parts lead to low area binary 
to residue converter. The proposed method can also be used to enhance the speed of binary to residue 
converters for other RNS moduli sets. 
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