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ABSTRACT

Non-polynomial spline in off step points is used to solve special tenth order linear boundary
value problems. Associated boundary formulas are developed. Truncation errors are given. Three
examples are considered for the numerical illustration. However, it is observed that our approach

produce better numerical solutions in the sense that max | e, [is minimum.
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1 INTRODUCTION

We consider tenth -order boundary-value problem of type
y () + f(x)y(x) = g(x) ) x €[a,b] (1
With boundary conditions
y@)=a,,y"a)=a,, yNa)=a,, ya)=a,, yV(a)=a,

()= By yPB)Y= B, yPBY=By, yIB)=B5 . y I B)=B, ()

where o, , 3, for i =0,1,2,3,4 are finite real constants and the functions f(x) and g(x) are

continuous on [a,b] .

The solution of tenth order boundary value problems are not very much found in the analysis
literature. When instability sets in an ordinary convection, it is modeled by tenth-order boundary value
problem[1]. Twizell et al.[2] developed numerical methods for 8th-,10th-,and 12th-order eigenvalue
problems arising in thermal instability. Siddiqi and Twizell[3] presented the solution of 10th-order
boundary value problem using 10th degree spline. Siddiqgi and Akram[4] developed the solution of
10th-order boundary value problems using non-polynomial spline. Siddiqi and Akram[5] presented the
solution of 10th-order boundary value problem by using eleventh degree spline. Rashidinia et al.[6]
developed numerical methods for 8th-order boundary value problem using non-polynomial spline.
Following the spline functions proposed in this paper have the

form 7}, =span{l,x,x*,x’,x*,x°,x°,x",x*,x”,cos(kx),sin(kx)}  where k is the
frequency of the trigonometric part of the spline functions which can be real or pure imaginary and
which will be used to raise the accuracy of the method. Thus in each subinterval x, < x < X, , we
have

span{l,x,x”,x°,x*,x”,x°,x",x% x”,cos(| k | x),sin(| k | X)}, or

2 4 1 11
span{l,x,x*,x°,x* x*,x% x7,x" x”,x",x")} ,(When k > 0)

In this paper, in Section 2, the new Non-polynomial spline methods are developed for solving
equation (1) along with boundary condition (2). Development of the boundary formulas are considered
in Section 3. In Section 4, non-polynomial spline solution of (1)and(2) is determined and in Section 5
numerical experiment, discussion are given.

2 NUMERICAL METHODS

To develop the spline approximation to the tenth -order boundary-value problem (1)-(2), the

interval [a,b] is divided in to 7 equal subintervals using the grid y =44 (- l) h
i 2

fR—

2
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. a . . . .
i=123,..,n where h = . We Consider the following Non-polynomial spline S, (x) on each

n
Subinterval [x | ,x ]] i=0L2,.,n-1,x,=a,x,=b,

i—— i+—
2

S.(x)=a,cosk(x—x,)+b sink(x—x,)+c,(x—x,)" +d,(x—x,)* +e,(x—x,)” +
fix=x) +g i(x=x) +o0,(x=x)" +p,(x=x,) +q i1 (x=x,)" +r.(x —x,) +u,

€)
where ai,bl.,cl.,dl.,el.,fl.,g*i,Oi,pi,q;,rj and u, are real finite constants and k is free

parameter. The spline is defined in terms of its 1td, 2th, 3th, 4th and 10th derivatives and we denote
these values at knots as:

Si(x )=y 1,8i(x )=m .8 (x 1) M LS (x )=z S0 )=V

1_7

2 2 2 2 2 2 2 2 2
4
Si(x, 1):)}, ]’Si(x, 1):m, 1 ’Si (x, 1):M, l’Si (x,+l):Z,+l’Si( )(x-+l):V-+l
l+5 l+5 l+7 I+E l+7 l+2 1 5 1 5 1 5 1 5
S(]O)(x 1) L 1 Si(m)(x, 1):L, 1
1—* 1—5 1+E 1+5
For i =0,1,2,....n—1. @)

Algebraic manipulation yields the following expressions whereby @ = kh and i =0,1,2,..,n—1:

(SCC( )(L 1+L 1)), b, = 10 (cec( WL, L,l))a

“ 2k‘° i+ 2k i
c —2;?((1680—18092+94 200(42-6° )cot(—)(L : L )+k]°(840h(m :
i— 1_5
180h2(M' : —M )+h - —V ) +1680(V )+20h (z Ltz o),
) i) 1"5 "2 I"E i) 1"5 e
h’ 2 2 0 9
d, = 9((9(—60+9 )+12(10-6 )tan(—)(L L FL )+ EA200m [ +m o))+
489 1'—5 l'+5 i_E i+5
60A(M | +M )+h - +V )+12h (z ,+z ),
1_5 1—5 1—5 1+E
2
l’_zj (2160 —2280% +6* - 249(45—92))cot(—)(L'] L )+k‘°(1080h(m ,+
m ]))+228h M  -M ])+h - —V )+24h (z | ' ])+2160(y K y ))
"2 i) " i) i) _5 "
h4 3 2 9 9
| = 230° (8460 —-0° +8(-21+20 ))tan(—)(L' yHL D)+ (k7 (A68(m | +m )+
1—5 I+E 1'—5 1'+E
84h(M | +M )+h - +V )+16h (z -z ),
) i) ) "2 EE T
5
g; = 6:l ((3024 -3080* + 60" —280(54+6°* ))cot(—)(L 1 L )+k‘°(1512h(m e
2 "2 )
m.,))+308h (M.,—M.,)+h (" V )+28h (z | .])+3024(y K y ))
I+E I—E I+E 11— 2 2 —E 1+ 5
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6
0, = 12}; - (0(-140+0°) -20(-14+6° ))tan(—)(L ]+L )+(k (280(m. L mm ,))+
2 =
140h(M | +M D+RE W +V D+20R*(z -z ),
= i o o
h7 2 4 2 9 10
Pi = 3gag ——((5040- 4200 + 0" —80(315+ 40 ))cot(—)(L' | —L )+k (2520h(m |
I—E 1_7
m ))+420n°(M | -M )+h'(V —V )+32h (z  +z ])+5040(y' Y ))
1+E 1—5 1+E i— 2 _E 1+E i— 2
8
q; = h 9((2289—93—24(35—92))tan(—)(L +L 1)+( —k’ (840(m L -m 1))+
7680 i i i
228h(M +M D+R T +V D+24h%(z -z ),
) i 5o 5
—h9 2 4 2 0 10
r,=———=((15120—-5640° + 0* +120(-374+30 ))cot(—)(L =L )+ k" (4488h(m |
61440 = 1'5
m | )+564n*(M | -M )+h*'(V —V )+36h (z ,+z )+151200y , -y ),
1+E 1—5 1+E i— 2 —E 1+E 1—5 1+E
10
u, =h—9((6144—38492 +6* +49(558—792))tan(—)(L 1 +L D)+ (k" (2232h(m | -
122886 =iy -
m ]))+348”2(M ,+M )+h v, +V )+28h (z ,—z )+6144(y -y ),
I+E 3 1—5 1—5 i+5 1'—5 i+5

Assuming V(X)to be the exact solution of the boundary value problem (1) and y; be an
approximation to (X, ) using the continuity conditions (S*’ (x,) = S (x,) where u =5,6,7,8

and 9 ) ,we obtain the following spline relations:

(y, nty 9)—10()/' oty 7)+45(y, ;ty 5)_120(3’, sty 3)+210(y, s t) )=
Ly 1+E = 1+5 - 1+E = 1+5 i— 1+E
) 2 2 " " " "
nL | +L D+AL ], i=6,7,.,n-6.
e

1—7 i—

2 2

252y _h‘o[a(L awtL 9)+[>’(L +L )+y(L 5 +L )+ +Li+i)+
2

(%)
Where

cscl 1 1 1 1 1 sin @
a= ( s T et . 7T g )
0 362880 6° 60° 12007 50400 0

ﬁ_csc9(251—cos9_59—cos9 11-cos® 1+cos@ 8+2cosl 10s1n9

¥ ¥ - ),
0 181440 25200° 606" 36° 6° 0’
B csc9(85399—88234cos9 107+22cos9 79+86cos9 29+34cos9
0 181440 3606° 600" 36°
98+112cosf 210siné
e Y )
5= csco (2773—91cos9 3 17-11cos@ 3 8—8cosb 3 16 + 8cos@ 3 64 + 56 ¢cosf N
0 11340 31560° 1560* 30° 6*
120sin(9))

99
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::csc9(85399-—88234cos9_+107-+22cos9_+79-%86cos9_+29-+34cos9_+
0 181440 3600° 600" 36°
98 +112cosf 210sin6
e Y )
A::csc9(44117-—7809500s9__11+175cos9__43-%50cos9__34-k50cos9__
0 90720 1800° 300 30°
112 +140cosf 252sm O
0* BT )
If 8 — 0 then
1 2036 152637 2203488 9738114 15724248

(. B.7,8.11.7) = ( ).

39916800 39916800 39916800 39916800 39916800 39916800

And the consistency relation of non-polynomial is reduced to consistency relation of the eleventh
polynomial spline functions derived in [5]. The local truncation error corresponding to the method
equation (5) can be obtained as:

t,=(1-Qa+2B+2y+25+2n+)h'"°y"” + (%— (25a +16B +9y +45 +n)h" y?

+ (é—é(625a +2568 +81y +165 +n))h' y!?

b2 L (156250 + 40965+ 7297 + 645 + 7))k y(®

4032 360
713 1

+( —
725760 20160

317 1
- 97656250, + 1048576 8 + 59049 +10248 +n))h> 320
4561920 1814400 B Y mh>y
1 91
(7141 -22(244140625a + 167772163 + 531441y + 40968 + n))h? y®
(1816214400( 12( B Y mNh™y,

(3906250 + 65536 8 + 6561y +2565 +n)h'sy ¥

+(

i=6,7,.,n—6 (6)

Case(1): Second-order method

1 2036 152637 2203488
If me choose ¢ = ———, B = Y = ,0 =
39916800 39916800 39916800 39916800

1572424
_ 9738114 . 15724248

7= 39916800 " 39916800
Case(2): Fourth-order method

the truncation errors(6) with be O(h'") .

1
If me choose o =0,8=0,y =0,06 =0, = % and A = g the truncation errors(6) with be

on').
Case (3):Sixth-order method
7 2 11 , .
If me choose @ =0, =0,y =0,0 = ——,n =— and A =— the truncation errors(6) with be
144 9 24
oh').
Case (4): Eight-order method
1 1 1301
If me choose a=0,0=0,y ! 0= 0 N = 09 and A :i the truncation

T 1209677 " 2247 T 448
errors(6) with be O(h'*).
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Case (5): Tenth-order method

1 251 913 44117 15619
If me choose ¢ =0, = Y = ,0 = N = and L =——
362880 181440 22680 181440 36288

the truncation errors(6) with be O(h*") .

Case (6): Twelfth-order method

1 1 221 114
If me choose a= B = 6 = 03 o= 77

47900160° 23950080° 7 15966720 285120

_ 215687 = 1718069

, A= the truncation errors(6) with be O(h%*) .
887040 3991680

3 Development of the boundary formulas

Liner system equation (5) consist of (n — 1) unknown, so that to obtain unique solution we
need tenth more equations to be associate with equation (5) so that we can develop the boundary
formulas of different orders, but for sake of briefness here we develop the tenth order boundary
formulas so that we define the following identity:

W0y0+2ay 1 +chy, +d Wy, +eh’y, +uh'yl? —h]OZby“O) (7
i=0 i)

W0y0+2a Yo +chy, +d By, +e'h’y, +u h*yl? —h]OZb y“o) (8)
i=0 i)

W0y0+2a Yo +c hy, +d By, +e Wy, +u htyld —h]OZb y“o) )
i=0 i)

W0y0+2a Yo +chyy +d°h*y, +eh’y, +uh*y(? :hIOZbi°yf](§) (10)
i=0 ) i=0 "

12
WiV, +Za Yo +c hy, +d Ry, +e hy, +u”h*y\? :h‘OZbi°°yf]?) (11)
e i+

i=0 2

12
wey, +Zai’y' g tcthy, +d R’y +e'h’y) +uthtyW = h‘OZb;yf'O) ’s (12)
ary i+n== ry in=-

W;yn +Za y 19 +c*h2y; +d*h2y; +e*h3y: +u*h4yf14) —thZb flo) 5 (13)
i=0 -

i+n—">

Wy, +ZEy . +chyn +dh? yn +eh’ y +uh4 (4) = thZb y“o) 2 (14)
i=0 l+n—* =0 +n— 2
;

Wo b, +z&iy 5 +chyn +dh? y " t+eh’ y +uh4 (4) —h]OZb y“o)]9 (15)
i=0 1+n—? i=0 +n—
6

Wy, +Zc7y 5 +chyn +dh? yn +eh’ y “t+uhty (4) —h]OZb y“o)]7 (16)
i=0 1+n—? i=0 +n—

Where all of the coefficients are arbitrary parameters to be determined.
4 Nonpolynomial spline solution

The methods (5) along with boundary condition (7)-(16) when we ignore the truncation errors
in (6) give a system of linear equations.
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n——
2

2

2

[c,,c;5,000C 1", This system can be written the

n——
2

2

2

T
[V),V3y ] and C
following matrix equation:

Considering Y

C

(A+h"°BF)Y

Where

B

S

~ I ~

S <

© = © I o
S T T
o= I
S T T
<+ = <+ = o«
S T T
en = en o
S T O
(o I e e |
S T T
yalyalnal
S o o
S T T

dy

ag

a;

3

as

a,

as

a,

ay

-10

45

-252 210 -120

-120 210

—-10 45

1

1

a

-252 210 -120 45 -10

-120 210

45

-10

. a;

as

ag a; ag as a,

ay

ayp

a,

5

* * * * * *
a; ag as a, a; a,

ayg

5

a,

8 o

<

Wm W%
S 2SS
S ie
S L e N
R RO S

6
6
6
6
-
n

b
b
b
b
b

s
s
s
5
-
A

b
b
by
b
b

SNSRI S
P IS

3

Q

B

Q

3

o ¥ O

< S ISH SIS
o _ % — — —
< S ISH SIS
e N ¥

< S iShHhghid

® q % e

< SIS

o <+ % <

NEIAD NS
R PR

® \n ¥ _n

<SS s

® o * ©

SIS

® ~ % I~

< g IH g

® 0o * o0

< S ISH S

® o ¥ _ON

< S ISHS

« 2 x 2

S
< 919

LR
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F =diag(f,),i=123,...,n-1.

The vector C is defined by

c, = —w;)yo —c'hy;) —d'hzy;; —e'h3yg —u'h4y(()4> +h102b g R

2 i=0 "2

9
¢y ==woyy = ¢ hyy —d Wy, —e Wy, —u'h'y + 0 g

2 i=0 2

10
e =iy, =< Iy =d Wy =€ Y b e
B =0 1+5

¢y =—woyo —Chyy —d W yy —e' W yg —uhy{ + h”’zb g 1

2 2

¢ =—W8°yo—0°°hy£>—d°°h2y3—e°°h3y3'—u°°h4yé4>+h'°zb g i

2 i=0 "

(O :hlo(agi_u +ﬁgi_2 +7gi_z +5gi_§ +77gi_§ +Agi—l +77g,+1 +5g, 3 T

) 2 2 2 2 2 5 Ay i+
g s+Pg ,+ag ), i=67,..,(1—6)

H’E 1+5 1+5
¢y =Wy, — Ry, —d Ry~ By~ h O B Y b g -
n_g i=0 Ty

-

¢ ,=-wy,—ch’y, —dh’y —eh’y, —uh*y? +h102b g »x

n—E =0 i+ n—7
¢ =-w,y, —chy, — c?hzy; —eh’y —uh*y™ +h102b g 5
"2 =0 Ty

¢, =-w,y, —Chy, —dh’y —eh’y’ —uh*y™® +h‘°2bg 0

-

n_E i=0 i _?
¢ | =—W,y, —Chy, —dh*y. —€h’y" —uh*y® +h‘°2b g s
n_E i=0 i _7
5 NUMERICAL RESULTS

In this section the presented method are applied to the following test problems if choosing

1 61 22103 11477 215687 1718069
(a’ﬁ’y’é’n’i):( > > 2 9 9 )
47900160 23950080 15966720 285120 887040 3991680

we obtained the method of order O(**) respectively.

Example 1. We Consider the following boundary-value problem

Y1 (x) = (x* =2x)p(x) =10cosx — (x—1)’sinx , —1<x<1,

6241



Farajeyan and Maleki, 2012

y(=1) =2sin(1l) , »(1) =0,
¥ (=1) = =2cos(l) —sin(1) , y (1) = sin(1),
¥ (=1) = 2cos(l) - 2sin(1) , " (1) = 2 cos(1),
3" (=1) = 2cos(l) + 3sin(1) , y" (1) = =3sin(1) ,
3@ (=1) = —4cos(l) + 2sin(1) , y* (=1) = 4 cos(1) .
(17)

The exact solution for this problem is y(x) = (x —1)sin x . We solved this example by different
I 1 1 1

values of i = —,—,——,—— .The maximum absolute errors associated with Y, for the system (17)
14 28 42 56

are summarized in Table 1 and compared with [5].

Table 1 : Maximum absolute errors of Example 1

n Our method Method in[5]

14 3.84x107" 5.96x107°

28 8.48x107" 7.99%x1077

42 1.64x107" 1.72x107
56 3.51x107" 3.73x107°*

Example 2. We Consider the following boundary-value problem
Y1) —xp(x) = =89+ 21x + x* —xP)e* , —1<x <1,
y=D)=0,y1)=0,

y‘(—1>=§ (1) = 2e,

\ 2,
y (=D = (1) = —6e,
Yy (=D)=0,y (1)=-12e,
YD ==y 1) =20

(18)
The exact solution for this problem is y(x) = (1—x")e* . We solved this example by different
values of :§.The maximum absolute errors associated with p, for the system (18) are

summarized in Table 2 and compared with [5].

Table 2 : Maximum absolute errors of Example 2
n Our method Method in[5]

9 1.75x107" 3.28x107°

Example 3. We Consider the following boundary-value problem

Y1 (x) + y(x) =-10(2xsinx —9cosx) , —1<x <1,
yD)=0,y1)=0,
¥y (=1)=-2cos(1) ,y (1) = 2cos(l),
v (=1) =2cos(l) —4sin(1) ,y (1) = 2 cos(l) — 4sin(1),
¥y (=1)=6cos(1) + 6sin(1) ,»" (1) = -6 cos(l) — 6sin(1) ,
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Yy P (=1)=—=12cos(1) + 8sin(1) , ¥ (1) = =12 cos(1) + 8sin(1). (19)

The exact solution for this problem is y(x) = (x* —1)cosx . We solved this example by different

values of /& =— The maximum absolute errors associated with ), for the system (19) are

summarized in Table 3 and compared with [5].

Table 3 : Maximum absolute errors of Example 3

n Our method Method in[5]
16 3.25x107" 8.85x107°
Conclusion

We approximate solution of the tenth -order linear boundary-value problems by using non-
polynomial spline. The new methods enable us to approximate the solution at every point of the range

of integration. Tables 1-3 show that our methods produced better in the sense that max |e,| is
minimum in comparison with the methods developed in [5].
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