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ABSTRACT 
 

Non-polynomial spline in off step points is used to solve special tenth order linear boundary 
value problems. Associated boundary formulas are developed. Truncation errors are given. Three 
examples are considered for the numerical illustration. However, it is observed that our approach 
produce better numerical solutions in the sense that max | ie |is minimum. 
KEYWORDS: Tenth -order boundary-value problem; boundary formulae; Non-polynomial spline. 
 

1 INTRODUCTION 
 
We consider tenth -order boundary-value problem of type 
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where ii  ,  for 4,3,2,1,0i  are finite real constants and the functions )(xf  and )(xg  are 

continuous on ],[ ba  . 
The solution of tenth order boundary value problems are not very much found in the  analysis 

literature. When instability sets in an ordinary convection, it is modeled by tenth-order boundary value 
problem[1]. Twizell et al.[2] developed numerical methods for 8th-,10th-,and 12th-order eigenvalue 
problems arising in thermal instability. Siddiqi and Twizell[3] presented the solution of 10th-order 
boundary value problem using 10th degree spline. Siddiqi and Akram[4] developed the solution of 
10th-order boundary value problems using non-polynomial spline. Siddiqi and Akram[5] presented the 
solution of 10th-order boundary value problem by using eleventh degree spline. Rashidinia et al.[6] 
developed numerical methods for 8th-order boundary value problem using non-polynomial spline. 
Following the spline functions proposed in this paper have the 
form sin(kx)}cos(kx),,x,x,x,x,x,x,x,xx,span{1, 98765432

11 T  where k  is the 
frequency of the trigonometric part of the spline functions which can be real or pure imaginary and 
which will be used to raise the accuracy of the method. Thus in each subinterval 1 ii xxx  we 
have 

x)}|ksin(|x),|kcos(|,x,x,x,x,x,x,x,xx,span{1, 98765432 , or 

)}x,x,x,x,x,x,x,x,x,xx,span{1, 111098765432 ,(When 0k  ) 
 

In this paper, in Section 2, the new Non-polynomial spline methods are developed for solving 
equation (1) along with boundary condition (2). Development of the boundary formulas are considered 
in Section 3. In Section 4, non-polynomial spline solution of (1)and(2) is determined and in Section 5 
numerical experiment, discussion are given. 
 

2 NUMERICAL METHODS 
 
To develop the spline approximation to the tenth -order boundary-value problem (1)-(2), the 

interval [a,b] is divided in to n  equal subintervals using the grid hiax
i
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ni ,..,3,2,1  where 
n

abh 
 . We Consider the following Non-polynomial spline )(xS i on each 

Subinterval ],[
2
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where iiiiiiiiiii rqpogfedcba ,,,,,,,,,, **  and iu  are real finite constants and k  is free 
parameter. The  spline  is defined in terms of its 1td, 2th, 3th, 4th and 10th derivatives and we denote 
these values  at knots as: 
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Algebraic manipulation yields the following expressions, where by kh  and 1,..,2,1,0  ni : 
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Assuming )(xy to be the exact solution of the boundary value problem (1) and iy  be an 

approximation to )( ixy using the continuity conditions ( )()( )()(
1 iiii xSxS   where 8,7,6,5  

and 9  ) ,we obtain the following spline relations: 
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And the consistency relation of non-polynomial is reduced to consistency relation of the eleventh 
polynomial spline functions derived in [5]. The local truncation error corresponding to the method 
equation (5) can be obtained as: 
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Case (5): Tenth-order method 

If me choose 
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Case (6): Twelfth-order method 
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3 Development of the boundary formulas 
 

Liner system equation (5) consist of (n − 1) unknown, so that to obtain unique solution we 
need tenth more equations to be associate with equation (5) so that we can develop the boundary 
formulas of different orders, but for sake of briefness here we develop the tenth order boundary 
formulas so that we define the following identity: 
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i

i
nnnnniin ybhyhuyheyhdhycyayw               (14) 

)10(

2
19

9

0

7

0

10)4(4'''3''2'

2
150

 
 

nii
i

i
nnnnniin ybhyhuyheyhdhycyayw


             (15) 

)10(

2
17

8

0

6

0

10)4(4'''3''2'

2
130

~~~~~~~
 

 
nii

i
i

nnnnniin ybhyhuyheyhdhycyayw              (16) 

 
Where all of the coefficients are arbitrary parameters to be determined. 
 
4 Nonpolynomial spline solution 
 

The methods (5) along with boundary condition (7)-(16) when we ignore the truncation errors 
in (6) give a system of linear equations. 
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Considering T

n
yyyY ],...,,[

2
1

2
3

2
1


  and T

n
cccC ],...,,[

2
1

2
3

2
1


 , This system can be written the 

following matrix equation:   
           

CYBFhA  )( 10  
Where  
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.1,...,3,2,1,)(  nifdiagF i  
 
The vector C is defined by 
 

,
2
1

8

0

'10)4(
0

4''''
0

3'''
0

2''
0

'
0

'
0

2
1




ii
i gbhyhuyheyhdhycywc  

,
2
1

9

0

''10)4(
0

4'''''
0

3''''
0

2'''
0

''
0

''
0

2
3




ii
i gbhyhuyheyhdhycywc  

,
2
1

10

0

'''10)4(
0

4''''''
0

3'''''
0

2''''
0

'''
0

'''
0

2
5




ii
i gbhyhuyheyhdhycywc  

,
2
1

11

0

10)4(
0

4'''
0

3''
0

2'
000

2
7




ii
i gbhyhuyheyhdhycywc   

,
2
1

12

0

10)4(
0

4'''
0

3''
0

2'
000

2
9




ii
i gbhyhuyheyhdhycywc   

. 

. 

. 



2
3

2
1

2
1

2
3

2
5

2
7

2
9

2
11

10

2
1 (

iiiiiiiii
gggggggghc 

)6(,...,7,6,)
2
9

2
7

2
5 


niggg

iii
  

. 

. 

. 

,
2
25

12

0

10)4(4'''3''2'2
0

2
9








nii
innnnnn
gbhyhuyheyhdyhcywc  

,
2
23

11

0

*10)4(4*'''3*''2*'2**
0

2
7




nii
innnnnn
gbhyhuyheyhdyhcywc  

,
2
21

10

0

10)4(4'''3''2'
0

2
5




nii
innnnnn
gbhyhuyheyhdhycywc  

,
2

19

9

0

10)4(4'''3''2'
0

2
3




nii
innnnnn
gbhyhuyheyhdhycywc


 

,~~~~~~
2

17

8

0

10)4(4'''3''2'
0

2
1




nii
innnnnn
gbhyhuyheyhdhycywc  

 
 

5 NUMERICAL RESULTS 
 
In this section the presented method are applied to the following test problems if choosing  

)
3991680
1718069,

887040
215687,

285120
11477,

15966720
22103,

23950080
61,

47900160
1(),,,,,(   

we obtained the method of order )( 22hO respectively. 
Example 1. We Consider the following boundary-value problem 
 

,11,sin)1(cos10)()2()( 32)10(  xxxxxyxxxy  
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,0)1(,)1sin(2)1(  yy  

,)1sin()1(,)1sin()1cos(2)1( ''  yy  

,)1cos(2)1(,)1sin(2)1cos(2)1( ''''  yy  

,)1sin(3)1(,)1sin(3)1cos(2)1( ''''''  yy  

.)1cos(4)1(,)1sin(2)1cos(4)1( )4()4(  yy  
(17) 

The exact solution for this problem is .sin)1()( xxxy  We solved this example by different 

values of 
56
1,

42
1,

28
1,

14
1

h .The maximum absolute errors associated with iy  for the system (17) 

are summarized in Table 1 and compared with [5]. 
 
Table 1 : Maximum absolute errors of  Example 1 
 n                     Our method                            Method in[5] 

14                       
111084.3                     

61096.5                         

28                       
111048.8                     

71099.7     

42                       
121064.1                                  71072.1       

56                       
131051.3                  

81073.3   

 
Example 2. We Consider the following boundary-value problem 
 

,11,)2189()()( 32)10(  xexxxxxyxy x  
,0)1(,0)1(  yy  

,2)1(,2)1( '' ey
e

y   

,6)1(,2)1( '''' ey
e

y   

,12)1(,0)1( '''''' eyy   

.20)1(,4)1( )4()4( ey
e

y 


  

(18) 
The exact solution for this problem is .)1()( 2 xexxy  We solved this example by different 

values of 
9
1

h .The maximum absolute errors associated with iy  for the system (18) are 

summarized in Table 2 and compared with [5]. 
 
Table 2 : Maximum absolute errors of  Example 2 
     n                     Our method                            Method in[5] 

     9                       
121075.1                     

61028.3                         
 
Example 3. We Consider the following boundary-value problem 
 

,11,)cos9sin2(10)()()10(  xxxxxyxy  
,0)1(,0)1(  yy  

,)1cos(2)1(,)1cos(2)1( ''  yy  

,)1sin(4)1cos(2)1(,)1sin(4)1cos(2)1( ''''  yy  

,)1sin(6)1cos(6)1(,)1sin(6)1cos(6)1( ''''''  yy  
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                  .)1sin(8)1cos(12)1(,)1sin(8)1cos(12)1( )4()4(  yy           (19) 

The exact solution for this problem is .cos)1()( 2 xxxy  We solved this example by different 

values of 
16
1

h .The maximum absolute errors associated with iy  for the system (19) are 

summarized in Table 3 and compared with [5]. 
 
Table 3 : Maximum absolute errors of  Example 3  
    n                     Our method                            Method in[5] 

   16                      
141025.3                     

81085.8                         
 
 
Conclusion 
 

We approximate solution of the  tenth -order linear boundary-value problems by using non-
polynomial spline. The new methods enable us to approximate the solution at every point of the range 
of  integration. Tables 1-3 show that our methods produced better in the sense that max | ie | is 
minimum in comparison with the methods developed in [5]. 
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