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ABSTRACT 

 
 In this paper, let 푅 be a commutative ring with an identity,	퐿(퐺) be the lattice of all subgroups of 퐺,퐿(푅) be the 
lattice of all ideals of 푅, (푋,∨,∧ ,0,1) be a 푃퐼-lattice, and ℑ be the compact open of the Zariski spectrum of 푅. It is 
shown that, if 퐿(푅) is principal lattice and 퐺  is a finite cyclic group, then 푅[퐿(퐺)] and 푅[ℑ], and 푅[푋] are 
Cohen-Macaulay. Finally, it show that, if 퐿(푅) is principal lattice and 퐺  is a 푙-group, then 푅[퐺][푋 , 푋 ,… ] is 
WB-height-unmixed. 
Keywords: Distributive lattice; 퐵퐶퐾-algebras; WB-height-unmixed; 푙-group; 푃퐼-lattice. 
 

1  INTRODUCTION 
 

A notion of "order" plays an important role in the theory of algebraic structures. Many of the key results of the 
theory relate important properties of algebraic structures and classes of such strutures to questions of order, e.g., the 
ordering of substructures, congruence relations, etc. Order also plays an important role in the computational part of the 
theory; for example, recursion can conveniently be defined as the least fixed point of an interative procedure. The most 
important kind of ordering in the general theory of algebras is a lattice ordering, which turns out to be definable by 
identities in terms of of the least-upper-bound (the join) and greatest-lower-bound (the meet) operations. A lattice is a 
poset 푃 any pair of elements 푥, 푦 have a g.l.b. or meet denote by 푥 ∧ 푦, and a l.u.b. or join denote by 푥 ∨ 푦. We will 
discuss properties of Cohen-Macaulay ring. In section 2, it shows that if 퐿(푅) is a principal lattice, then 푅  is 
Cohen-Macaulay ring. In section 3, it is proved if 퐺 is a finite cyclic group, 푅[퐿(퐺)] is Cohen-Macaulay. Also, In 
section 4, it shows that if 퐺 is a 푙-group, then 푅[퐺][푋 , 푋 ,… ] is WB- height-unmixed. In section 5, we show that if 
(푋,∨,∧ ,0,1) is a 푃퐼-lattice, then 푅[푋] is Cohen-Macaulay. Finally, in section 6, it indicates if ℑ is the compact open 
of the Zariski spectrum of 푅, then 푅[ℑ] is Cohen-Macaulay. 

 
 
2  Cohen-Macaulay and principal lattice 
 

Let 퐿 be a lattice. We say that 퐿 is complete, if every subset of 퐿 has a supremum.  However, without a good 
notion of principal lattice, it is impossible to get very deep results, see [3]. Dilworth overcame this in [4], with a new 
notion of a principal element. Basically, an element 퐸 of a multiplicative lattice 퐿 is said to be meet (join-) principal 
if (퐴 ∧ (퐵: 퐸))퐸 = (퐴퐸) ∧ 퐵  (if (퐵퐸 ∨ 퐴):퐸 = 퐵 ∨ (퐴: 퐸))  for all 퐴  and 퐵  in 퐿 . A principal element is an 
element that is both meet-principal and join-principal or 퐴 ∧ 퐸 = (퐴:퐸)퐸 and 퐴퐸:퐸 = 퐴 ∨ (0:퐸), for all 퐴 ∈ 퐿. 퐿 
is called principal lattice when each of its elements is principal. Here the residual quotient of two element 퐴, 퐵 is 
denoted by 퐴:퐵, so 퐴:퐵 =∨ {푋 ∈ 퐿|푋퐵 ≤ 퐴}. In this paper, it shown that, if 푅 is Cohen-Macaulay ring and 퐺 is 
cyclic group, then 푅[퐿(퐺)] is Cohen-Macaulay. 
 

Let 푁 be a finitely generated module over a Noetherian ring 푅. We say that 푥 ∈ 푅 is an 푁-regular element, if 
푥푔 = 0 for 푔 ∈ 푁 implies 푔 = 0, in the other words, if 푥 is not a zero-divisor on 푁. A sequence 푥 ,⋯ 푥  of 
elements of the ring 푅, is called an 푁-regular sequence or simply an 푁-sequence if the following conditions are 
satisfied: 
 

(1) 푥  is an 푁/(푥 ,⋯ ,푥 )푁-regular element for 푖 = 1,… , 푟; 
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(2) 푁/(푥 ,… , 푥 )푁 ≠ 0. 
 

Suppose 퐼 ⊆ 푅 is an ideal with 퐼푁 ≠ 푁. The depth of 퐼 on 푁 is maximal length of an 푁-regular sequence in 퐼, 
denoted by 푑푒푝푡ℎ(퐼, 푁). If 푅 is a local ring with a unique maximal ideal 픪, we write 푑푒푝푡ℎ(픪), for 푑푒푝푡ℎ(픪,푁). 
Let 푅 be a Noetherian local ring. A finitely generated 푅-module 푁, is a Cohen-Macaulay module, if 푑푒푝푡ℎ(푁) =
푑푖푚(푁). If 푅 itself is a Cohen-Macaulay module, then it is called a Cohen-Macaulay ring.  
 
REMARK 2.1. Let S be a multiplicatively closed subset of 푅. For a submodule 푀 of 푁, we use 푆(푀) to denote the 
submodule ⋃  ∈ (푀: 푠). 퐴푠푠 (푁/푆(푀)) = {푃 ∈ 퐴푠푠 (푁/푀): 푃 ∩ 푆 = ∅}. Suppose that 푅 is Noetherian and 푁 
is finitely generated. Then for any submodule 푀 of 푁, 퐴푠푠 = 푚퐴푠푠 and 푁 is a Cohen-Macaulay module 
where 푚  is a minimal prime ideal over 퐴푛푛 (푥). In particular, every multiplication Noetherian ring is 
Cohen-Macaulay (see[11], [12]). 
 
THEOREM 2.1. [5] If 푅 is Cohen-Macaulay ring and 푃 is a distributive lattice, then 푅[푃] is Cohen-Macaulay. 
 
THEOREM 2.2. [9] Let 푅 be a commutative ring with identity. Then 퐿(푅) is a principal lattice, if and only if, 푅 is 
a Noetherian multiplication ring. 

 
3  Cohen -Macaulay property of finite cyclic group 
 

Let ∑   consist of the subgroups of any group 퐺, and let ≤ mean set-inclusion. Then ∑   is a complete lattice, 
with 퐻 ∧퐾 = 퐻 ∩ 퐾 (set-intersection), and 퐻 ∨ 퐾 the least subgroup in ∑   containing 퐻 and 퐾 (which is not their 
set-theoretical union). We now turn our attention to the lattice 퐿(퐺) of all subgroups of 퐺. 
 
Example. Let G be a group and L(G) be the set of all subgroups of G ordered by inclusion. Then it is well known that 
L(G) is an algebraic lattice. This lattice need not be modular. 
 
THEOREM 3.1. Let 푅 be a commutative ring with identity, 퐿(푅) be a principal lattice and 퐺 be a finite cyclic 
group. Then 푅[퐿(퐺)] is Cohen-Macaulay. 
 
Proof. Let 푍  be a finite cyclic group of order 푟, with generator 푎. Then [2] every subgroup of 푍  is cyclic, with 
generator 푎  for some 푠|푟. Hence the lattice of positive integers, under the relation 푚|푛. This shows that the lattice 
of all subgroups of any finite cyclic group is a distributive lattice. By Theorem 2.1, 푅[퐿(퐺)] is Cohen-Macaulay.  

 
4  Cohen -Macaulay property of 풍-group 

 
The algebraic theory of 푙-groups is that of lattice generally. More generally , a group equipped with a partial 

order ≤ is called a po-group if 푎푥푏 ≤ 푎푦푏 whenever 푥 ≤ 푦. An 푙-group is simply a po-group in which any two 
elements have a l.u.b and g.l.b. We begin this section by a definition from Bourbaki. 
 
DEFINITION 4.1. A prime ideal 푃 is an associated prime of 퐼, if 푃 = 퐼: 푥 for some 푥 ∈ 푅. 
Remember that the height of a prime ideal 푃 is the maximum length of the chains of prime ideals of the following 
form,  

 푃 ⊂ 푃 ⊂ ⋯ ⊂ 푃 = 푃. 
 

We will denote the height of 푃 by ℎ푡(푃). An ideal 퐼 of 푅 is said to be height-unmixed, if all the associated 
primes of 퐼 have equal height. That is ℎ푡(푃) = ℎ푡(푄), for all 푃,푄 ∈ 퐴푠푠(퐼), where 퐴푠푠(퐼) denotes the set of 
associated primes of 퐼. An ideal 퐼 is said to be unmixed if there are no embedded primes among the associated primes 
of 퐼. That is, 푃 ⊆ 푄 ⇒ 푃 = 푄, for all 푃, 푄 ∈ 퐴푠푠(퐼). We will say that an ideal is WB-height-unmixed, if it is 
height-unmixed with respect to the set of weak Bourbaki associated primes and an ideal is WB-unmixed if it is 
unmixed with respect to the set of weak Bourbaki associated primes. The set of weak Bourbaki associated primes of an 
ideal 퐼 is denoted by 퐴푠푠 (퐼). A prime ideal 푃 is a weak Bourbaki associated prime of the ideal 퐼 if it is a minimal 
ideal of the form 퐼: 푎, for some 푎 ∈ 푅. 
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If 푅  is a Noetherian ring, then 푅[푋 ,푋 ,… ] , the ring of polynomials in the variables 
푋 ,푋 ,… ., satisfies GPIT (generalized principal ideal theorem), and it is 
WB-height-unmixed(see [1], [10]). 
 
THEOREM 4.1. Let 푅 be a commutative ring with identity, 퐿(푅) be a principal lattice and 퐺 be a 푙-group. Then 
푅[퐺][푋 , 푋 ,… ] is WB-height-unmixed. 
 
Proof. In any 푙-group, we have 푎 − (푎 ∧ 푏) + 푏 = 푏 ∨ 푎 for all 푎, 푏. It suffices to show that 푎 ∧ 푥 = 푎 ∧ 푦 and 
푎 ∨ 푥 = 푎 ∨ 푦 imply 푥 = 푦. But 푥 = (푎 ∧ 푥) − 푎 + (푥 ∨ 푎) = (푎 ∧ 푦) − 푎 + (푦 ∨ 푎) = 푦. So, 퐺  is a distributive 
lattice. As a result,using Theorem 2.1 and Theorem 2.2, 푅[퐺][푋 , 푋 , … ] is Cohen-Macaulay. 
 

5  Cohen -Macaulay property of 푷푰-lattice 
 

The study of 퐵퐶퐾-algebras was initiated by Y. Imai and K. Iseki [6] in 1966 as a generalization of the concept of 
set-theoretic difference and propositional caculus. In section, relationship 퐵퐶퐾-algebra and Cohen-Macaulat is 
considerd. 
 
DEFINITION 5.1. [7] Let 푋 be a set with a binary operation ∗ and a constant 0. Then (푋,∗ ,0) is called a 
퐵퐶퐾-algebra if it satisfies the following axioms: 
 

(BCK-1) ((푥 ∗ 푦) ∗ (푥 ∗ 푧)) ∗ (푧 ∗ 푦) = 0, 
(BCK-2) (푥 ∗ (푥 ∗ 푦)) ∗ 푦 = 0, 
(BCK-3) 푥 ∗ 푥 = 0, 
(BCK-4) 푥 ∗ 푦 = 0 and 푦 ∗ 푥 = 0 imply 푥 = 푦, 
(BCK-5) 0 ∗ 푥 = 0. 
 
A partial ordering ≤ on 푋 can be defined by 푥 ≤ 푦 if only if 푥 ∗ 푦 = 0. A 퐵퐶퐾-algebra 푋 is called 

bounded if there exists the greatest element of 푋. 
 
PROPOSITION 5.1. [8] Let 푋 be a 퐵퐶퐾-algebras with condition 푆. Then for any 푥, 푦 ∈ 푋: 
 

(1) 푦 ≤ 푥 ∘ (푦 ∗ 푥), 
(2) (푥 ∘ 푧) ∗ (푦 ∘ 푧) ≤ 푥 ∗ 푦, 
(3) (푥 ∗ 푦) ∗ 푧 = 푥 ∗ (푦 ∘ 푧). 

 
THEOREM 5.1. [6] Suppose 푋 is a 퐵퐶퐾-algebra with condition 푆. Then 푋 is positive implicative if and only if 
(푋,≤) is an upper semilattice with 푥 ∨ 푦 = 푥 ∘ 푦 for any 푥, 푦 ∈ 푋. 
 
In this section we suppose that 푋 is a bounded 퐵퐶퐾-algebra, unless otherwise is stated. 
 
DEFINITION 5.2. A lattice 퐵퐶퐾-algebra 푋 is called 푃퐼-lattice if it satisfies in (푧 ∗ 푥) ∗ (푦 ∗ 푥) = 푧 ∗ (푥 ∗ 푦).  
 
THEOREM 5.2. Let 푅 be a commutative ring with identity, 퐿(푅) be a principal lattice and (푋,∨,∧ ,0,1) be a 
푃퐼-lattice. Then 푅[푋] is Cohen-Macaulay. 
 
Proof. Let (푋,∨,∧ ,0,1)) is a 푃퐼-lattice. Then 푋 is a 퐵퐶퐾-algebra with condition 푆 and 푥 ∘ (푦 ∗ 푥) = 푥 ∨ 푦, the 
converse does not hold. Also, 푥 ∘ (푦 ∧ 푧) = (푥 ∘ 푦) ∧ (푥 ∘ 푧)  and 푥 ∧ 푦 = (푥 ∗ (푥 ∗ 푦)) ∨ (푦 ∗ (푦 ∗ 푥))  and 
푥 ∗ (푦 ∨ 푧) = (푥 ∗ 푦) ∨ (푥 ∗ 푧) and 푥 ∗ (푦 ∨ 푧) = (푥 ∗ 푦) ∧ (푥 ∗ 푧) and (푥 ∨ 푦) ∗ 푧 = (푥 ∗ 푧) ∨ (푦 ∗ 푧). So, 푋 is a 
distributive and modular lattice and applying Theorem 2.1,푅[푋] is Cohen-Macaulay.  

 
6  Cohen -Macaulay property of Zariski spectrum 

 
THEOREM 6.1. Let 푅 be commutative ring with an identity. If 퐿(푅) is a principal lattice and ℑ be the compact 
open of the Zariski spectrum of 푅. Then 푅[ℑ] is Cohen-Macaulay. 
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Proof. The set of all prime ideals of a ring 푅 has a natural topology with basic open 

 
 퐷(푎) = {푝|푎 ∉ 푝} 

We clearly have  
 퐷(푎)⋂  퐷(푏) = 퐷(푎푏),퐷(0) = ∅ 

 
The space of all topology, in general non Hausdorff. Though we cannot describe the points of this space 

effectively in general, we can describe the topology of the space effectively. The compact open of the spectrum are of 
the form  
 

 퐷(푎 , … , 푎 ) = 퐷(푎 ) ∪ …∪ 퐷(푎 ) 
 

The compact open form a distributive lattice. By applying Theorem 2.1, 푅[푋] is Cohen-Macaulay.  
 

REFERENCES 
 

[1]  D. F. Anderson and D. E. Dobbs, Coherent Mori domains and the principal ideal theorem, Communications in 
Algebra, 15 (1987), 1119-1156.  

[2]  G. Birkhoff and S. Mac Lane, A survey of modern algebra, 3d ed., Macmillan, 1965.  

[3]  R. P. Dilworth, Dilworth's early papers on residuated and multiplicative lattices, The Dilworth Theorem, 
Birkhauser, Boston, (1990), 387-390.  

[4]  R. P. Dilworth, Abstract commutative ideal theory, Pacific J. Math., 12 (1962), 481-498.  

[5]  C. De Concini, D. Eisenbud and D. Procesi, hodge algebras, asterisque, societe mathematique de france, 91 
(1982).  

6]  K. Iseki, On positive implication 퐵퐶퐾-algebras with condition (S), Math. Japonica,24 (1976), 107-119.  

[7]  K. Iseki, An algebraic related with a propositional caculus, Proc. Japan Acad.,42 (1996), 26-29.  

 [8]  K. Iseki, 퐵퐶퐾-algebras with condition (S), Math. Japonica 24 (1976), 107-119.  

[9]  M. F. Janowitz, Principal mutiplicative lattices, Pacific J. Math. 33 (1970), 653-656.  

[10]  I. Kaplansky, Commutative rings. Alyn and Bacon, 1970.  

[11]  R. Naghipour, H. Zakrei and N. Zamani, Cohen-Macaulayness of multiplication rings and modules, Colloquium 
Mathematicum, 95 (2002), 133-138.  

[12]  P. Schenzel, On the use of local cohomology in algebra and geometry, in: Six Lectures on Commutative Algebra 
(Bellaterra, 1996), Progr. Math., 166, Birkhauser., (1998), 241-992. 

 
 
 

5263 


