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ABSTRACT

The problem of three hypotheses logarithmically asymptotically optimal (LAO) testing for a model consisting of three
simple homogeneous stationary Markov chains is studied. Three independent Markov chains is considered. This problem
was introduced by Ahlswede and Haroutunian. It is supposed that three probability distributions are known and each
Markov chain is independently of others follows to one of them. The matrix of asymptotic interdependencies (Reliability
Matrix) in Optimal testing of this model is studied.
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1.INTRODUCTION

Recently Ahlswede and Haroutunian in [1] formulated an ensemble of new problems on multiple hypotheses testing
for many objects and on identification of hypotheses. The problem of many (M > 2) hypotheses testing on distributions of a
finite state Markov chain is studied in [11] via large deviations techniques (LDT). In this paper we consider the case of
three Markov chains which independently follow to one from three given probability distributions. In section 2 we recall
main definitions and results of [7] and [11] for many hypotheses testing and in section 3 present the problem of hypotheses
testing for three independent objects via Markov chains.

2. LAO Hypotheses Testing for one Markov Chains
Let the finite set y ={1,2,..., I} be the state space of Markov chain and ¥= (xg, x4, ..., Xy), X, € X,

n=12..,NX€eyN*1 N =0,1,2,..., be a vector of observed states of three simple homogeneous stationary Markov chain
with finite number I of states. The three hypotheses H; concern the matrix of the transition probabilities

P ={P (D} P ={RyID} B=1{R(D} ij=12..,1L
The stationary of the chain provides existence for each [ = 1,2,3, of the unique stationary distribution
Q, =1{Q,(d), i =1,2,.,...,1}, such that

I I

ZQl @ PGl = Q) ZQl D=1, ij=12..,1 [=123.
i=1 i=1

The joint distributions of pair (i, j) € I? are

QOP ={Q®PrGI), ij=12,...1}, 1=123.
We denote by D (QOP||Q,0P, ) the Kullback — Leibler divergence

log Q() P(jlD)

g Q@ PGl ~ P(QIQW +D(QOPIIQOR,),

D (QOPIIQ,0P,) = Y Q@) P10
LJ

of a joint distribution

QOP (i,j) = {QM) P(lD), i,j=1,2,..,1}

From joint to distribution Q,O0P,, where the divergence for marginal distributions is

D @) = Y,e0 YD =125 =120

The probability of vector X € yN*1

Q, is the following

of the Markov chain with transition probability P, and stationary distribution
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N
Q0PN (X) = Ql(xo)l_[l’l (xnlxn_q), 1=12,..,1,
n=1

Q,0PN(A) = UQlOPlN(X), A c VL,

X€A
The second order type of Markov vector X is the square matrix of 12 relative frequencies
{N@G,j)N7%, i,j=1,2,..,1} of the simultaneous appearance in X of the states i and j on the pairs of neighbor places.

Itis clear that Z N(i,j) = N. Denote by TQ’}’)P the set of vector X from yV*! which have the second
(ipex?
order type such that for some joint probability distributions QOP
N(i,)=NQ@) PG|, i,j=1,2,..,L
The set of joint PD QOP on I? is denoted by (JOP . Non-randomized test @ (X) one of the hypotheses H,, /=1,2,3, on

the basis of the trajectory X=(x,, x{, ..., Xy ) of the N + 1 observations.

We denote al(ﬁg (®y) the probability to accept the hypotheses H; under the condition that H,,,, m # [,
)

is true. For m= [ we denote Uim

(®y) the probability to reject the hypothesesH,,,. It is clear that

ar(rllvlzn(cDN) = Z al(anz(cDN)’ m=1,2,3. )
m#l
We study error probability exponents of the sequence of tests @, which we call reliabilities:

— 1
Eyjm (@) = lim —log a®™ (@), mi=123. (2)
It is easy to show using (1) and (2) it follows that:

E‘mlm (@)= I;Inlil? Ellm (®). (3)

The test ®yis defined by a partition of the space y¥*! on sets G = {X: @ N(X) =1}, | = 1,2,3, and

a (@y) = QumOP,(GN), m, I =1,2,3.

Let P be a matrix of transition probabilities of some stationary Markov chain and Q be the corresponding stationary PD.
For given positive values of 2 diagonal elements E;|; and E,|,, we consider the decision rule ®* by the sets of distributions

R, = {QOP: D(QOP||QOP,) < Ey .}, 1=12, o

R, = {QOP:D(QOP[ QOP) > Ey,  1=12}
And the function:

El*|l(El|l) =Ej, =12, ()

Ejjm(Ey) = Jnf, D(QOP[QOR,), m=123, m#1 =12,

Exja (BxjoEap2) = min k).

Theorem 1:

Let x = {1, 2,..., I} be a finite set of the states of the stationary Markov chain possessing an irreducible transition matrix P

and A be a nonempty and open subset or convex subset of joint distributions QOP and Q ,, s stationary distribution for P,
then for the type QOP(x) of vectors X', X*and X° from Q,,0P,, on y:

— 1
— 1 N v, _
Jim ——log Qu OPy {X: QOP(x) € A} lel)feAD(QOP" QOP,,).

Theorem2:
Let y be a finite set, for a family of distinct distributions P;, P, and P; the following two statements hold.

4074



J. Basic. Appl. Sci. Res., 2(4)4073-4078, 2012

If the positive finite numbers E;|; and Ej; |, satisfy conditions:

0 < Ey|; <min [ D(Q,0P, [[Q,0P,) 1. (6)

0 <E,|, < min[E3,(E;|,), D(Q;0P;[|Q;0P,) 1.

Then:

a) There exists a LAO sequence of tests®”, the reliability matrix of which E (@) is defined in (5) and all elements of it are
positive,

b) Even if one of conditions (6) is violated, then the reliability matrix of an arbitrary test necessarily has an element equal
to zero, (the corresponding error probability does not tend exponentially to zero).

Remark (1):

From the definition (3), (5) and (6) it follows that: E,,,, < E,  andalso, E, =E, m= 12

mm_ “Mim’

3. LAO Hypotheses Testing for Three Markov Chains

In this section we expand the concept of section 2 for three independent homogenizes stationary finite Markov
chain. Let the finite set y ={1,...,I} be the state space of Markov chain and X! = (x3, x1, ..., x}),
X2 = (x,x%, ..., x3)and X3 = (x3,x3, ..., x3), x}, x2,x3 € y, n=12,..,N, X}, X2 X3 € yN*,
N=0,1,2, ..., be vectors of observed states of three simple homogencous stationary Markov chain with finite number I of
states. The probability of the vector X, X?,X3 € yN*1 of the Markov chain with transition probabilities
P and one of stationary distribution Q; is

N

Q,0PY (X}) = Ql(xé)l_[Pl (xb,xh_y), 1=123, i=123,
n=1

Q,0PN(A) = U Q,0PN(XY), 1=123, i=123, AcxN*.
xiea
We have three hypotheses H;, H,, H; and call the procedure of making decision on the base of N+1 observations the
test, which we denote by ®@,,.The test ®, for this model can be composed by
Dy = (oL, 03, 93).
So the space xN*! will be divided into three parts,

GN = {Xii‘P;v(Xi) =1}, 1=123, i=1,2,3.

We denote by a™ (@) the probability of the erroneous acceptance by the test @y of the three of the

l1,lp,l3lmy,ma,m3

hypotheses (H;,, H;,, H;,) provided that the hypotheses (Hy,,, Hy,,, Hy,) is true,
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™) | imsmpms @) = Qun OPN (G 1) - Qun, OPN, (GN5)- Qs OPN, (6N 5),  (my,my,my) # (U, 1y, 1), my, I = 1,2,3.

The probability to reject a true three of hypotheses (Hp, , Hp,, Hp, ) by analogy with (1) is the following
o @)= > @), )

my,my,mz|my,my,ms Lyl l3lmy,my,m3
(my,mz,m3)#(ly,l2,l3)

We also study corresponding limits £ (®y) of error probability exponents of the sequence of tests @, which

b by JBylmymy ;my

we call reliabilities:

— 1
Bty tsmymgms () = Jim =109 0™y 1, 1jim g (@), Myl =123, i=123,  (8)
It is easy to show using (7) and (8) it follows that

E

mq,myms|my,my,ms ((D) =

Ellrerl3|m1rm2,m3 (d))l (9)

min
(my,mz,m3)#(ly,12,l3)

The matrix E (@) = {Ey_ 1, 1,m,,m,ms(P)} is called the reliability matrix of the sequence @ of tests.

The sequence of tests ®*is called logarithmically asymptotically optimal (LAO) for the model with three
Markov chains if for given positive values of six diagonal elements of the reliability matrix E (®*) all other
elements of it are maximal.

Lemma 1:

If elements E;jp, (@, m, [=1,2,3, i=1,2,3, are strictly positive, then the following equalities hold for

O = (¢!, 9%, ¢°):

Eq, 1505 | mymyms (@) = Epjjm, (@Y + Epym, (0*) +Epm, (@) if my =, i= 123, (10.a)
Eq, 1y 15 | mimoms (@) =E;jm, (@) + Epjm, (@*)  if my#l, my#1l,, i= 1273, (10.b)
Eq, 1y 15 | mimoms (@) = Eyjm, @)+ Epm, () if my#l,, my#l;, i= 123, (10.¢)
Ei, ty 15 | mimams (P) = Efjjm, (@Y + Eym, (@*)  if my #1, my# 1, i= 1,23, (10.d)
Ely t.15 | mymspms (@) =Ejm, (@) if my#l, my=10,, my=1; i= 1273, (10.e)
Ely ty 15 | mymams (P) = Egyjm, (@?) if my#1l,, my=1l;, m =1L, i= 123, (10.9)
Ell,lz,l3|m1,m2,m3 (@) = Elyim; (@) if my#l;, my=1L, m=1[, i= 123, (10.g)
Proof:
It follows from the independence of the Markov chains that
Q1o 15 | mympms (@n) = pjm, (P Apyim, (0F). Alyims (@), m; #1;, (11.a)

Q1 1 1y | my,mams (Dy) = (1 — Q1 m, ((p,%,)) A my (@R Ay, (O8), M3 =13, my # 1, my # 1y, (11.b)
11y s @) = (1= @1y, (08)) @y, (OR)- iy g (@R), My = Ly, my # Ly, my # 1y, (11.0)
Q1 1 1y | my,mams (Dy) = (1 — A im, ((p,%,)).alllml((p,l\,).al3|m3 (p3),my, =1, my # 1, mg # 13, (11.d)
Ely t.15 | mymapms (D) = (1 = QApyim, ((p,%,)) (1 = ay,im, ((p,%,)) alllml((p,},) if my #1;,m, =1,,mg =13, (11.¢)
Ely t.15 | mymapms (D) = (1 = At ims ((p,?{,)) (1 — alllml((p,},)) AL m, (p2)ifm, # I,,m; =1, mg = I3, (11.1)

Ell,lz,l3 | my,myms (®y) = (1 — A1,im, ((Pz%l)) (1 —aymy ((P%l)) A1y 1ms (p)ifm, # I, my = 1, my = I3, (11.8)
According to the definitions (7) and (8) and from equalities (11) we obtain relations (10).
Our aim is to find LAO test from the compound tests {® = (¢, ¢?, ¢*) } when strictly positive elements E, ; ; |3,1,1

Ei11)1310 E111)113 > E222]322 E222]232and E;;5);23 of the reliability matrix are given.

The elements Ey 311311 Ey11)1310 Er11)1135E222(322 E222(232and E; 55,3 of the test for
Markov chains can be positive Only in the following two subsets of tests {® = (¢*, @2, ¢3) }:

A={ = (9", 0% ¢*): En|m(@) >0, m=12i=123},

B={0=(¢", ¢? ¢*):onem from[1,2] exist such that E - ,,"(¢*) = 0, i = 1,2,3, and for other
m < 3,Em|m(<p‘) >0,i=13}

Let us define the following family of sets for given positive

elements E; ; ; 1311 E111)1310 E111)1130 E222)223,E222]232 and E;,, |3,2,2:

R(ll) = {QOP: D(QOP" QOPZ) < E1,1,1|3,1,1}r R(zl) = {QOP: D(QOP" QOPZ) s E:2,2,2|3,2,2}’ (12.2)
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R?” = {QOP:D(QOP[|QOP) < Eyyajisa), Ry ={QOP:D(QOP||QOP,) < Eppppns}  (12)

R(s) {QOP D(QOP" QOPl) = E111|113} R(g) {QOP D(QOP" QOPZ) <E, 2,2|2,2,3}' (12.¢)
RS = {QOP:D(QOP||QOP,) > E;14(311) RS = {QOP D(QOP||QOP,) > E, 2r2|3,2,2}, (12.d)
RY = {QOP:D(QOP||QOP,) > Eyy4j15:}  RYY ={QOP:D(QOP||QOP,) > E,,, 1,50}  (12:0)

RS = {QOP:D(QOP|QOP) > By s 1ysf RS” ={QOP:D(QOPIQOR,) > By} (120

And consider the following values:

B} ipts | mumpms = Qigefki D (QOP||QOP,,), my =L, mj#l,i#k k=123, (13.a)
 QeR|,

E} iy | mumams = Q:iQnElezzD(QOPllQOPmZ) + Q:lQnElellD(QOPHQOPml) my =13, my # 1, my, # 1,,(13.b)

E} tyms [mymams = Q:iQnEfRiD(QOPllQOPm) + Q:iQnElellD(QOPllQOPml) my, = l,, my # 1, ms # I3, (13.¢)

El1,lz,m3 | m1,mams - QlQnElezzD(QOP”QOPmZ) + QlQnEfR?:,»D(QOP”QOPm3) m = ll’ ms # l3’ m; # lz’ (13d)

* * * * - q A
Elblzls | mymams — Em1rm213 | my,ma,ms + Emblz,ms | my,ma,ms +El1,m2,m3 | my,ma,ms’ m; # li ,i=13, (13'6)
* . *
= min E 13.
(I lp lz)#(my,mymsz)  Wizls |m1mams (13.9)

The optimal values of the reliabilities of the LAO tests sequence will be the following:

mq,mp,m3 |m1,m2,m3

E*1,1,1|3,1,1 = E1,1,1|3,1,1a E*1,1,1| 131 = E1,1,1| 1,3,1 E*1,1,1| 1,13 = E1,1,1| 1,1,3> (14)
E:*2,2,2|3,2,2 = E2,2,2|3,2,2a E:*2,2,2|2,3,2 = E2,2,2|2,3,2a E:*2,2,2|2,2,3 = E2,2,2|2,2,3a

Theorem3:

If all distributions QOP,,, m = 1,2,3 , are different and consequently D(QOPl || QOPm) >0, | #m,
Then the following three statements are valid:

a) when given strictly positive elements E; 1 1 311, Ez22(322:E111]131 Ez222]232 Eii1]113 s

E; 22| 223> meet the following conditions:

Eii1[311 < min| 1nf D(Q;0P; | Q;0P,), 1nf D(Q,0P, ||Q,0P) 1, (15.a)
Ei1[131 < mm[lnf D(Q;0P; [|Q;0P,), 1nf D(Q,0P, ||Q,0P) 1, (15.b)
Eipa[113 < M [1nf D(Q;0P; [|Q;0P,), 1nf D(Q,0P, ||Q,0P) 1, (15.¢)
Ey22(322< M [E222|122, 1nf D(Q,0P; || Q30P2 1, (15.d)
Esz2(232 < Min[E3 2010 1nf D(Q;0P, | Q;0P,) ], (15.¢)
Eyz2(223< M [E222|221, 1nf D(Q;0P, || Q;0P,) ], (15.9)
Then:

a) There exists a LAO test sequence ®"€cA, the reliability matrix of which E (®") is defined in (13) and all elements of it
are positive,

b) When even one of the inequalities (15) is violated, then there exists at least one element of the matrix E (®*) aqual to 0,
¢) The reliability matrix E (®") of the tests ®" from the families B necessarily contains equal to zero.

Proof:

a) we can write for three Markov chains as follows:

0 <E;3(p") < min| 1nf D(Q;0P, | Q;0P,), me(onp2 Q0P 1, (16.2)
0 < E;3(¢?) < min [1nf D(Q;0P; || Q;0P,), me(onp2 lQ;0P) 1, (16.b)
0 <E;3(¢%) < min 1nf D(Q;0P; || Q;0P,), me(onp2 lQ;0P) 1, (16.c)
0 <E,;3(¢") < min[E} m, 1n3fD(Q30P3 ||Q30P2 )1, (16.d)
0 <E,;3(¢?) < min[E}2, 1nfD(Q30P3 Q0P 1, (16.¢)
0 <E,;3(¢%) < min[E}}, 1nfD(Q30P3 Q0P 1, (16.)

We shal prove, for example, the inequality (16. ) which are the consequence of the inequality (15. e). consider the
tests © = (@', %, ¢*) € A such that E 5,15 3,(9) = E3 55123, (¢) and

E;,2,2|2,1,2((P) = E;,2,2|2,1,2((P)~

The corresponding error probabilities @ 5 5 | 2,32(¢n) and @3 35| 2,1,2(¢) are given as products defined by (5.¢). According
to (2) and (5) we obtain that:
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Eyo2212(@) = ESf + I\Eolog (1—a™y, (@) + I\Eolog (1—a®™y5 @), (17.a)
Ez220232(9) = B + lim log (1—a®™,,(@F) ) + limlog (1—oa®™y5(@R)), (17.b)

According to (16.b), (16.¢) and (17) we obtain that:

E;|21: E;1(0?),

E;|23 ((p): E2|3((p2)a

There (16.¢) is consequence of (15). According to Theorem (1) there exist LAO sequences of tests @** , ¢?* and ¢3*for the
first, the second and the three such that the elements of the matrices E (¢*), E (¢?*) and E (¢3*) are determined according
to (13). We consider the sequence of tests ¢*, which is composed of the three of sequences of tests ¢*, p?*and ¢3*, also
we will show that ¢* is LAO and other elements of the matrix E(¢*) are determined according to (13).

From (15), (16) and remark (1) it follows that the requirements of Lemma are fulfilled. With using Lemma we can deduce
that the reliability matrix E (¢*) can be obtained from matrices E (¢*), E (¢?*) and E (¢3*) as in (10).

Now we show that the compound test ®* for three Markov chains is LAO, that it is optimal. Suppose that for

givenEy 111310111130 E111)113 E222)3225 E222]232 andEgz;)2,3 , there exist a test @ € A with matrix

E(®), such that it has at least one element exceeding the respective element of the matrix E(®*).

This contradicts to the fact, that LAO tests have been used for the Markov chains X1, X* and X3.

b) When one of the inequalities (15) is violated, we see, some of elements in the matrix E (") must be equal to zero.
¢) When @ € B, then from (15.¢) and remark (1) it follows that the elements E 0.

m’,m’m’ | 3,3,3 =
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