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ABSTRACT 
      
 Let  be topological inverse semigroup and  be the topological maximal subgroup of S.  Following Munn         
[12],  we have  . In this paper we characterize the universal -compactification    of   relative to the 

universal -compactification   of   .  As a consequence, we give some interesting results as   . 
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1. INTRODUCTION 
 

The notion of semigroup compactification as a generalization of almost periodic compactification was initiated 
by Weil [16, 17]. Semigroup compactifications are extremely useful tools in characterizing function spaces on 
topological semigroups and in particular those spaces associated with semigroup compactifications; See [1, 4, 5, 8, 
14, 15] for instance. A large class of semigroups which has been studied extensively from various points of view is 
inverse semigroups. The symmetries of a local nature, and applications of inverse semigroups crop up almost 
everywhere in mathematics-evidence of this is the number of related textbooks in analysis, geometry, topology, 
algebra, category theory, etc, [2, 6, 9, 10, 13].  These facts led to the motivation to study functions paces of inverse 
semigroups. 

 This paper is organized as follows: In Section 2, we introduce our notations. In Sections 3, we investigate to 
the compactification spaces of  where  is a topological inverse semigroup and then we characterize the spaces of 
functions of  relative to its maximal subgroup. 
    
2. Preleminaries   

 In this paper all topological spaces will be assumed to be Hausdorff. We shall follow the terminology of [1, 3, 
7].  For a semigroup , the right translation  and the left translation  on   are defined by  
( ).  A semigroup ,  equipped with a topology, is said to be right topological if all of the right translations 
are continuous, semitopological if all of the left and right translations are continuous. Suppose  is a 
semitopological semigroup and  is a semigroup compactification of  that is, is a compact Hausdorff right 
topological semigroup and  is a continuous homomorphism such that  a
where  is the topological center of . 

    We say that  has the left [right] joint continuity property if the mapping   
 is continuous. The space of all bounded continuous complex valued functions on  is denoted by 

 $. For  and  the right (respectively, left) translation of  by  is the function  
(respectively,   A left translation invariant unital subalgebra of  (i.e.,  for all 

and  is called m-admissible if the function  belongs to for all 
(=the spectrum of ). If  is m-admissible then under the multiplication 

 furnished with the Gelfand topology is a compact Hausdorff right topological 
semigroup and it makes a compactification (called the compactification) of  

 Let   and  be compactifications of   Then  is a factor of   if the identity map on  has an extension 
  A compactification with a given property  is called a  compactification. A universal 

compactification of  is a -compactification of which, every -compactification of  is a factor. Universaln -
compactifications, if they exist, are unique (up to isomorphism). We denote the universal -compactification of  
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by . If  is a semigroup, then by  we denote the subset of idempotents of S.  A semigroup  is called 
inverse if for any  there exists a unique   such that  and .  An element  of  
is called inverse to  and is denoted by   If  is an inverse semigroup, then the map which takes  to the 
inverse element of  is called the inversion.  A topological (semitopological) inverse semigroup is a topological 
(semitopological) semigroup  that is algebraically an inverse semigroup with continuous inversion. Obviously, any 
topological (inverse) semigroup is a semitopological (inverse) semigroup. 
 
3  compactification of topological inverse semigroup 
  Let  be a inverse semigroup, for every  in , define the relation  on  by  if and only if 

 for some .  Following Munn [12],  is a congruence on   and   where  is a 
maximal subgroup of  . In this section by using this method we consider the structure of the compactification 
spaces of topological inverse semigroup. We fix these notations for the rest of this section. 
 
Lemma 3.1.  Let  be a topological (compact) inverse semigroup with compact  then  is a 
topological (compact) group. 
 
Proof. First, we show that  is closed, let  and  be nets in  such that  and . 
Then there exists  in  such that  Compactness of  allows us to assume that   
for some  and by joint continuity of product of , ,   Therefore  that is 

 Now by proposition 1.3.8 [5],  is a topological (compact) group. 
 The first author in [16] have shown that if  is an extension of  by , i.e.  where  is a topological group 
and  is completely 0-simple semigroup, then   where  is suitable congruence on  . 

Then it is shown that ,   and   where  is  a property of compactification. On the 

other hand  where  is a topological inverse semigroup. In this setting there is a natural question’ whether 
there is the similar results for topological inverse semigroup?.  
 In the following theorems we will show that the analogues results are hold for topological inverse semigroups.  
 
  Theorem 3.2.  Suppose  is a topological inverse semigroup with compact  . Suppose  is the maximal 
subgroup o f  and  . Then  is a topological 
group compactification of  where  is a topological group compactification of .      
Proof. It is not far to see that  is a congruence. Suppose is a net in such that . Then 
for each , there exist   such that  .  Since  is compact so there exists 

 such that . Now . This implies that . Thus  is 
closed congruence. Now Proposition 1.3.8 [5], shows that   is a compact Hausdorff topological group.  It is clear 
that if  ( ), then .  Thus  preserves congruence so there exists a continuous 
homomorphism   such that   where  are the natural 
quotient maps. Thus  
                                
and 
                               

 This implies that   is a compactification of  . 
 

Theorem3.3. Suppose  is a topological inverse semigroup with compact  and  is the maximal  
subgroup of  .  Let  and  be the strongly almost periodic compactifications of  and  
respectively .  Then  
 
Proof.  In Theorem 3.2 put , then  is a topological group compactification of  , where 

.Now and 

10653 



J. Basic. Appl. Sci. Res., 2(10)10652-10655, 2012 

 

 so the universal property of the compactification  , [Theorem 4.3.7, 1] 

shows that there exists a continuous homomorphism  such that   . 
Since  is continuous homomorphism so the universal property of  implies that there 
exists a continuous homomorphism  such that  .  We have  
preserves congruence for if   ( ) then we can choose nets  in  such that 

,  and there exists  such that and since  is 
a topological group we have .  Now      

     

 Thus there exists continuous homomorphism  such that   where 
 is the quotient map.  It is remains to show that  is isomorphism.  Let  

, so there exists a net  in  such that .  By the above relations we have 

                (1) 

 This implies that  . By the similar calculation we can conclude that . Thus  is 

isomorphism  
By using the analogous method of Theorems 3.3 we can obtain the similar result in general. 
 
Corollary 3.4.  With the assumptions of the preceding theorem, let ( ),  be the universal t group 

-compactifications of  and ,  respectively. Then   if  has joint continuity property. 
 
  Conclusion 
 

Characterization of the function spaces of topological semigroup was considered by many researchers , see [1, 
4, 5, 15, 16] for example.  On the other hand, It is known that   where  is an inverse semigroup and  is 
a maximal subgroup  [12]. In this paper we showed that  is a topological group where  is a topological 
inverse semigroup and then by using the suitable congruence on the compactification space   we characterized the 
strongly almost periodic compactification and universal -compactification of  where  is property of 
compactification.   
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