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ABSTRACT 

 

In this paper, we define and investigate some properties of uni-soft ideals and uni-soft interior ideals of ordered 

semigroups. Furthermore, we prove that in regular ordered semigroups the uni-soft ideals and the uni-soft 

interior ideals coincide. Finally, we introduce the concept of uni-soft simple ordered semigroups and show that 

in a simple ordered semigroup every uni-soft interior ideal is a constant function. Using the notion of uni-soft 

left (right) ideals, characterizations of a left (right) simple semigroup are provided. 

KEYWORDS: Ordered semigroups, Soft sets, uni-soft interior ideal, simple ordered semigroup, regular (intra-

regular) ordered semigroup, characteristic soft set. 

 

1. INTRODUCTION 

“ 

Molodstov [1] pointed out that the important existing theories viz. Probability theory, Fuzzy set theory [2], 

Intuitionistic Fuzzy set theory [3], rough set theory [4] etc, which can be considered as mathematical tools for 

dealing with uncertainties, have their own difficulties. He further pointed out that the reason for these 

difficulties is the inadequacy of parameterization tools of the theory. In  1999   he initiated the novel concept of 

soft set theory to deal with the uncertainty associated with the data, whereas on the other hand it has the ability 

to represent the data in a useful manner.”In soft set theory, the problem of setting the membership function does 

not arises, which make the theory easily applied to many different fields including game theory, Riemann 

integration, operation research, perron integration, theory of measurement and so on. At present work, soft set 

theory and its applications are progressing rapidly. After Molodstov work, some operations and applications of 

soft sets were studied by many researchers including Ali et al. [5], Aktas and Cağman [6], Chen et al. [7], and 

Maji et al. [8]. “Recently, Neog and Sut [9, 10] have studied the notion of fuzzy soft union, fuzzy soft 

intersection, complement of a fuzzy set and several other properties of fuzzy soft sets along with examples and 

proofs of certain results. Jun et al., [11] applied the concept of soft set theory to ordered semigroups. They 

applied the notion of soft sets by Molodtsov to ordered semigroups and introduced the notions of (trivial, whole) 

soft ordered semigroups, soft ordered sub semigroups, soft r -ideals, soft l -ideals, and r -idealistic and l -

idealistic soft ordered semigroups. They investigated various related properties by using these notions. In [18, 

19, 20] Khan et al., characterized different classes of ordered semigroups by using uni-soft quasi-ideals and uni-

soft ideals. In this paper the concept of a uni-soft interior ideal is introduced and it is given that in regular and 

intra regular ordered semigroups, the concepts of uni-soft ideals and uni-soft interior ideals are coincide.”We 

also prove that in a simple ordered semigroup every uni-soft interior ideal is a constant function. Using the 

notion of uni-soft left (right) ideals, characterizations of a left (right) simple semigroup are provided. It is shown 

that if A  is an interior ideal of S if and only if ( )−δε , characteristic soft set 
( )( )SA ,,δεχ  overU  is a uni-soft 

interior ideal over .U  

 

2. Basic definitions and preliminaries 

“ 

By an ordered semigroup ( )semigroup-poor  we mean a structure ( )≤⋅,,S in which  ( ),S ⋅   is a semigroup, 

( ),S ≤  is a poset and for all ,,, Sxba ∈ the condition xbxaba ≤⇒≤  and bxax ≤  is satsfied.” 

For subsets A  and B of an ordered semigroup ,S  we denote 

}.,|{: BbAaabAB ∈∈=  
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“If SA ⊆ , we denote htStA ≤∈= |{:](  for some }.Ah∈ For ,Sa∈  we write ](a instead of { }( ]a . 

For subsets A  and B of an ordered semigroup S , we have ( ]A A⊆ . If BA ⊆ , then ](]( BA ⊆ , 

](]](( ABBA ⊆ , ](]](( AA =  and ].(]]]((( ABBA ⊆  

Let ),,( ≤⋅S  be an ordered semigroup. A non-empty subset of S  is called a subsemigroup of S  if AA ⊆2
.” 

A non-empty subset of S  is called a right (resp., left) ideal of S  if: 

(1) AAS ⊆  (resp., ASA ⊆ ) and 

(2) if Aa∈ and abS ≤∋ , then Ab∈ . 

If A is both a right and a left ideal of S , then it is called an ideal of S . 

A non-empty subset of S  is called ainteriorideal of S  if: 

(1) ASAS ⊆ , 

(2) if Aa∈  and abS ≤∋ , then Ab∈ . 

An ordered semigroup S  is said to be regular if for every ,Sx∈  there exist Sa∈  such that .axaa ≤ . 

An ordered semigroup S  is called intra-regular if for every Sa∈ , there exist Syx ∈, such that  yxaa 2≤ . 

An ordered semigroup S is called semi simple if for every Sa∈ , there exist Szyx ∈,,  such that 

xayaza ≤ . 

An ordered semigroup S  is said to be left (resp., right) simple if it contains no proper left  ( )right resp.,  ideal. 

An ordered semigroup is said to be simple if it contains no proper two-sided ideal. 

From now on, U  be an initial universe set, E be a set of parameters, )(UP denotes the power set of U and

ECBA ⊆...,, . 

A soft set theory is introduced by Çağman [6] provided new definitions and various results on soft set theory. 

“A pair ( )Ef A ,  is called a soft set over U  if and only if Af  is a mapping of E  into the set of all subsets of 

the set U . ge,  

{ },)()(,|))(,( UPxfExxfxf AAA ∈∈=  

where )(: UPEf A →  such that φ=)(xf A  if Ax∉ . The function Af  is also called anapproximation 

function of the soft ( )Ef A , . It is clear that a soft set is a parameterized family of subsets of U . Note that the 

set of all soft sets over U  will be denoted )(US  and we take .E S= ” 

For a soft ),( Sf A  over U and U⊆δ . The −δ exclusive set of ),( Sf A , denoted by );( δAA fe , is 

defined as 

{ }.)();( δδ ⊆∈= xfAxfe AAA  

For any soft sets ( )Sf A ,  and ( )Sf B , over U , we define 

),(~),( SfSf BA ⊆ if Sxxfxf BA ∈∀⊆ ),()(  

The soft union of ( )Sf A ,  and ( ),, Sf B   denoted by ( )SfSfSf BABA ,),(~),( ~∪=∪  is defined by 

.),()())(~( Sxxfxfxff BABA ∈∀∪=∪  

The soft intersection of ( )Sf A ,   and  ( ),, Sf B  denoted by ( )SfSfSf BABA ,),(~),( ~∩=∩   is defined by  

.),()())(~( Sxxfxfxff BABA ∈∀∩=∩  

“For a non-empty subset A of S , the characteristic soft set ( )SA ,χ  overU  is a soft set defined as follows: 





∈

∈
→

.\ if   

, if      
),(:

ASx

AxU
xUPSA φ

χ a  

Let ( )Sf S ,  and ( )Sg S ,  be uni-soft set over U . The uni-soft product of ( )Sf S ,  and ( )Sg S ,  is defined to 

be the soft ( )Sgf SS ,◊  over U in which SS gf ◊  is a mapping from S  to ( )UP   given by 

( )( )
( ) ( ){ }



 ∈≤∪

=◊ ≤

otherwise.                             

,, somefor   if  

U

Szyyzxzgyf
xgf

SS
yzx

SS

I

”
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“Definition 1.(see [11]) Let S  be an ordered semigroup. A soft set ( )Sf S ,  of S  overU  is called a uni-soft 

semigroup of S  over U  if: 

., allfor  )()()( Syxyfxfxyf SSS ∈∪⊆
 

Definition 2.(see [11]) Let  ),,( ≤⋅S   be an ordered semigroup. A soft set  ( )Sf S ,   of  S   over  U   is called 

a uni-soft left (resp., right) ideal of  S   over  U   if:
 

(1)  ),()( yfxfyx SS ⊆⇒≤  

(2)  )()( yfxyf SS ⊆ (  resp.,  ))()( xfxyf SS ⊆   for all  ., Syx ∈  

If  ( )Sf S ,   is both a uni-soft left ideal and a uni-soft right ideal over  U , then ( )Sf S ,   is called a uni-soft 

two-sided ideal over  .U  

” 

3. Uni-soft ideals and uni-soft interior ideals of ordered semigroups 

 

In this section, we first introduce the concepts of uni-soft interior ideals of ordered semigroup. And And then 

show that every uni-soft ideal is a uni-soft interior ideal. 

“Definition3.Let ),,( ≤⋅S be an ordered semigroup. A soft ( )Sf S ,  overU  is called uni-soft interior ideal over 

U  if: 

(1) ),()( yfxfyx SS ⊆⇒≤  

(2) )()( afxayf SS ⊆ for all .,, Syxa ∈ ” 

“Example 1.[19] Let },,,{ dcbaS = be an ordered semigroup with the following multiplication table and 

order relation which are given in the following: 

bbaad

abaac

aaaab

aaaaa

dcba⋅

 

)}.,(),,(),,(),,(),,(),,{(: dabaddccbbaa=≤  

Let ( )Sf S ,  be a soft set over Z=U defined by  

6N              if ,

: ( ),  3Z       if { , },

3N              if .

S

x a

f S P U x x b d

x c

=


→ ∈
 =

a  

Then )(N6)()( yfafxyzf SSS ⊆==  for every Szyx ∈,, . Therefore, ( )Sf S , is a uni-soft inteior ideal 

over U .” 

“Example 2.Consider the ordered semigroup in Example 1. Let ( )Sf S ,  be a soft set over 

{ } { }yxyxeyxxyeyxyxDU ,,,,:, 22

2 ====><== defined by 

{ }
{ } { }
{ }








=

∈

=

=→

. if          ,

,, if    ,,

, if           

)( ),(:

cxxe

dbxyxe

axe

xfxUPSf SS a  

Then { } )()()( yfeafxyzf SSS ⊆== for every  Szyx ∈,, . Therefore, ( )Sf S , is a uni-soft inteior ideal 

over U .” 

“Lemma 1.Let ( )≤⋅,,S be an ordered semigroup. Then every uni-soft two-sided ideal over  U  is a uni-soft 

interior ideal over  .U ” 

Proof. Let ( )Sf S , be an uni soft two-sided ideal overU and Sayx ∈,, . Then, 
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).()())(()( afxafyxafxayf SSSS ⊆⊆=  

Let Syx ∈,  be such that yx ≤ . Then )()( yfxf SS ⊆ , because ( )Sf S , is a uni-soft two-sided ideal over 

.U Thus ( )Sf S ,  is a uni-soft interior ideal over .U  

“As it is well-known that every uni-soft two-sided ideal is a uni-soft interior ideal, but the converse is not true in 

general. 

The uni-soft interior ideal ( )Sf S ,  over Z=U in Example 1, is not a uni-soft left ideal over U , since 

)(N3Z3)()( cfbfdcf SSS =⊄== and hence it is not a uni-soft two-sided ideal over  .Z=U ” 

“Example 1. Consider the ordered semigroup in Example 1. Define a soft set ( )Sf S ,  over  

{ }10,9,8,7,6,5,4,3,2,1=U   such that  

{ }
{ }
{ }








=

∈

=

=→

. if          2,1

},,{ if    3,2,1

, if           2

)( ),(:

cx

dbx

ax

xfxUPSf SS a  

Then { } )(2)()( yfafxyzf SSS ⊆== for every  Szyx ∈,, . Therefore, ( )Sf S ,   is a uni-soft inteior 

ideal over U . 

Consider the uni-soft interior ideal ( )Sf S ,  over  { }10,9,8,7,6,5,4,3,2,1=U   in Example 2, is not a uni-

soft left ideal over U , since { } { } )(2,1,3,2,1)()( cfbfdcf SSS =⊄==  and hence it is not a uni-soft two-

sided ideal over .U  

In the following result we provide a condition for a uni-soft interior ideal over U  to be a uni-soft two-sided 

ideal over U .” 

“Theorem 1.Let ( )≤⋅,,S be a regular ordered semigroup. Then every uni-soft interior ideal over  U is a uni-soft 

two-sided ideal over .U ” 

“Proof. Let ( , )Sf S is a uni-soft interior ideal over U  and let ., Syx ∈ Since S is a regular, then there exist  

Sba ∈,   such that  xaxx ≤   and  .ybyy ≤   we have” 

( ) ( ) ),()()()( xfxyxafyxaxfxyf SSSS ⊆=⊆  

and 

( ) ( ) ).()()()( yfbyxyfybyxfxyf SSSS ⊆=⊆  

Now let  Syx ∈,   be such that  yx ≤  . Then  )()( yfxf SS ⊆  , because  ( )Sf S ,   is a uni-soft interior 

ideal of  S   over  .U   Therefore  ( )Sf S ,   is a uni-soft two-sided ideal over  .U  

By Lemma  1  and Theorem  1  we have the following: 

“Remark 1.In regular ordered semigroups, the concepts of uni-soft two-sided ideals and uni-soft interior ideals 

coincide.” 

“Theorem 2.Let  ( )≤⋅,,S  be an intra-regular ordered semigroup, ),( Sf S  is a uni-soft interior ideal over  U . 

Then  ),( Sf S   is a uni-soft two-sided ideal over U .” 

Proof.Let ),( Sf S is a uni-soft interior ideal over  .U   Let  , ,x y S∈ since S  is a intra-regular then there exist  

Sba ∈,   such that  aaxx 2≤   and  .2bbyy ≤ Since ),( Sf S   is an uni-soft interior ideal of  S  , we have 

( ) ( ) ( ) ),()()()( 2 xfayxaxfyaaxfxyf SSSS ⊆=⊆  

and 

( ) ( ) ( ) ).()()()( 2 yfybyxbfbbyxfxyf SSSS ⊆=⊆  

Let  Syx ∈,   be such that  yx ≤  . Then  )()( yfxf SS ⊆  , because  ( )Sf S ,   is a uni-soft interior ideal of  

S   over  .U   Thus  ( )Sf S ,   is a uni-soft tw0-sided ideal of  S   over  .U  

By Lemma  1  and Theorem  2   we have the following: 
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Remark2.In intra regular ordered semigroups, the concepts of uni-soft two-sided ideals and uni-soft interior 

ideals coincide.” 

“Theorem 3. Let ( )≤⋅,,S   be an ordered semigroup with identity  e  . Then every uni-soft interior ideal over  

U   is a uni-soft two sided ideal over  .U ” 

Proof. Let ),( Sf S
 is a uni-soft interior ideal over U and  Syx ∈, . Then  ( ) ( ) ( )yfxyefxyf SSS ⊆=   

and  ( ) ( ) ( ).xfexyfxyf SSS ⊆=   Furthermore let  Syx ∈,   be such that  yx ≤  . Then  

)()( yfxf SS ⊆  , because  ( )Sf S ,   is a uni-soft interior ideal of  S   over  .U   Therefore,  ( )Sf S ,   is a 

uni-soft two-sided ideal over  .U  

“Proposition 1.(see [17])  Let  ),,( ≤⋅S   be a semi simple ordered semigroup,  ( )Sf S ,   a uni-soft interior 

ideal of  S   over  U  . Then  ( )Sf S ,   is a uni-soft two-sided ideal of  S over  .U ” 

By Lemma  1  and Proposition  1  we have the following: 

“Remark 3.In semisimple ordered semigroups, the concepts of uni-soft ideals and uni-soft interior ideals 

coincide.” 

For a non-empty subset  A   of  S   and  ( )UP∈δε ,   with  ,δε ⊄   define a soft set  
( )δεχ ,

A   as follows: 

( )



 ∈

→
otherwise.      

, if         
,:

,

δ
ε

χ δε Ax
xSA a  

The soft set  
( )( )SA ,,δεχ   is called  ( )−δε ,  characteristic uni-soft set over  U  . The soft set  

( )( )SA ,,δεχ   is 

called  ( )−δε ,  identity uni-soft set over  .U The ( )−δε ,  characteristic uni-soft set  
( )( )SA ,,δεχ   with  

φε =   and  U=δ   is called the characteristic soft set, and is denoted by  ( )Sc

A ,χ  . The  ( )−δε ,  identity 

uni-soft set with  φε =   and  φδ =   is called the empty soft set, and is denoted by  ( ).,Sc

Sχ  

“Theorem 4. Let ( )≤⋅,,S be an ordered semigroup. Then for a non-empty subset  A   of  ,S   the following 

conditions are equivalent: 

( )1 A is an interior ideal of  .S  

( )2 The  ( )−δε ,  characteristic soft set  
( )( )SA ,,δεχ   over  U   is a uni-soft interior ideal over  U   for any  

( )UP∈δε , with  .δε ⊄ ” 

“Proof. Suppose that  A   is an interior ideal of  S   and  .,, Szyx ∈   Let  ( )UP∈δε ,   with  δε ⊄  , if  

Ay∉   implies that  
( ) ( ) δχ δε =yA

,
 , then either  Axyz ∈   or  Axyz ∉   implies that 

( )( ) ( )( ).,, yxyz AA

δεδε χδχ =⊆  

If  ,Ay∈ ( ) ( ) εχ δε =yA

,
  and  .ASASxyz ⊆∈   Hence 

( )( ) ( )( ).,, yxyz AA

δεδε χεχ ==  

Now let  Syx ∈,   be such that  .yx ≤ If Ay ∈   then  
( ) .)(, εχ δε =yA   Since  A   is a interior ideal of  S , 

so  Ax∈  . Hence  
( ) ( ) ).()( ,, yx AA

δεδε χεχ ==   If  Ay∉   then  
( ) ,)(, δχ δε =yA   then obviously,  

( )( ) ( ) ).(,, yx AA

δεδε χδχ =⊆   Therefore,  
( )( )SA ,,δεχ   is a uni-soft interior ideal over  U   for any  

( ), P Uε δ ∈   with  .ε δ⊄  

Conversely, suppose that  ( )−δε ,  characteristic soft set  
( )( )SA ,,δεχ   over  U   is a uni-soft interior ideal over  

U   for any  ( )UP∈δε ,   with  .δε ⊄   Let  a   be any element of  .SAS  Then  xyza =   for some  

Szx ∈,   and  .Ay∈   Then 

( )( ) ( )( ) ( )( ) ,,,, εχχχ δεδεδε =⊆= yxyza AAA  

and so  
( )( ) ., εχ δε =aA   Thus  ,Aa∈   which means that  .ASAS ⊆  

Furthermore, let  Syx ∈,   with  .Ayx ∈≤   Then  
( )( ) ., εχ δε =yA   By hypothesis we have 

( )( ) ( )( ) ,,, εχχ δεδε =⊆ yx AA  

185 



Khan et al.,2017 

 

which means that  
( )( ) ., εχ δε =xA   Hence  .Ax∈   Therefore  A   is an interior ideal of  .S ” 

“Theorem 5. Let ( )≤⋅,,S be an ordered semigroup. Then for a non-empty subset  A   of  ,S   the following 

conditions are equivalent: 

( )1 A is an interior ideal of  .S  

( )2 The characteristic soft set  ( )Sc

A ,χ   over  U  is a uni-soft interior ideal over  U .” 

Proof.The proof follows from Theorem 4. 

“Theorem 6. Let ( )≤⋅,,S   be an ordered semigroup and  ( )Sf S ,   a soft set of  S   over  U . Then  ( )Sf S ,   

is a uni-soft uni-soft interior ideal over  U  if and only if satisfies that” 

(1)  ( ) ( ),,~, SfSf S

c

SS

c

S ⊇◊◊ χχ  

(2) .,),()( Syxyfxfyx SS ∈∀⊆⇒≤  

Proof. Suppose that  ( )Sf S ,   is a uni-soft interior ideal over  .U   Let x   be any element of  S   and there 

exist  .,,, Sqpzy ∈   If  x   is not expressed as  yzx ≤  , then  ( )( ) ( )( ).xfUxf S

c

SS

c

S ⊇=◊◊ χχ  Assume 

that  x   is expressed as  yzx ≤   and  ,pqy ≤   then 

“

( )( ) ( )( ) ( ){ }

( ) ( ){ } ( )

( ){ }

( ){ }

( ),xf

qf

qf

zqfp

zyfxf

S

S
pqzx

S
pqyyzx

c

SS

c

S
pqyyzx

c

SS

c

S
yzx

c

SS

c

S

⊇

∪⊇






 ∪






 ∪⊇







 ∪






 ∪=

∪◊=◊◊

≤

≤≤

≤≤

≤

φ

φφ

χχ

χχχχ

I

II

II

I

”

 

since ( )Sf S ,   is a uni-soft interior ideal over  .U   So  ( ) ( ) ( ).qfpqzfxf SSS ⊆⊆   Therefore,  

( ) ( ).,~, SfSf S

c

SS

c

S ⊇◊◊ χχ  

Conversely, assume that  ( ) ( ).,~, SfSf S

c

SS

c

S ⊇◊◊ χχ For any  ,,, Syxa ∈   we have 

( ) ( )( )
( )( ) ( ){ }

( )( ) ( )

( ) ( ){ }

( ) ( )
( )

( ).af

af

afx

qfp

yxaf

qpf

xayfxayf

S

S

S

c

S

S

c

S
pqxa

c

SS

c

S

c

SS

c

S
pqxay

c

SS

c

SS

=

∪=

∪⊆

∪





 ∪=

∪◊⊆

∪◊=

◊◊⊆

≤

≤

φ

χ

φχ

χχ

χχ

χχ

I

I

 

Therefore,  ( )Sf S ,   is a uni-soft interior ideal over  .U  

“Lemma 2. (see[31]).Let  ( )≤⋅,,S   be an ordered semigroup. For any non-empty subset  A   of  ,S   the 

following conditions are equivalent: 

( )1 A is a left  ( )right resp.,   ideal of  .S  

( )2   The characteristic uni-soft set  ( )Sc

A ,χ   over  U   is a uni-soft left  ( )right resp.,   ideal over  U . ” 
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4. Uni-soft simple ordered semigroups 

 

In this section, we define uni-soft simple ordered semigroups and characterize simple ordered semigroups in 

terms of uni-soft interior ideals. 

“Definition 4. An ordered semigroup S  is called uni-soft simple if for any uni-soft ideal of S over�, we have

( ) ( )S Sf x f y⊆ , for all S ∀�, � ∈ �. 

Lemma 3. (see [13]). An ordered semigroup S is left simple if and only if for every  Sa∈  , we have  

](SaS =  .” 

“Theorem 7. Let  ( )≤⋅,,S   be an ordered semigroup. Then the following conditions are equivalent: 

( )1 S is a left  ( )right resp., simple ordered semigroup .  

( )2   Every uni-soft left  ( )right resp.,   ideal  ( )Sf S , over U  is a constant function . ” 

Proof.Let ( )Sf S ,   be a uni-soft left ideal over  U   and  ., Sba ∈   Since  S   is left simple and  ,Sb∈   by 

Lemma 3, we have  ( ].SbS =   Since  ,Sa∈   we have  ( ],Sba∈   then  xba ≤   for some  .Sx∈   Since  

( )Sf S ,   is a uni-soft left ideal over  U  , We have 

( ) ( ) ( ),bfxbfaf SSS ⊆⊆  

In a similar way, we can prove that  ( ) ( ).afbf SS ⊆   Hence  ( ) ( ).bfaf SS =   This implies that  

( )UPSf S →:   is constant, since  a   and b   are arbitrarily in  .S   Similarly if  S   is a right simple 

ordered semigroup, then every uni-soft right ideal over  U   is a constant function. 

Conversely, assume that  ( )2   holds. Let  A   be a left ideal of  .S Then the characteristic soft set  ( )Sc

A ,χ   

over  U   is a uni-soft left ideal over  U   by lemma  2,   and so it is constant by supposition. For any  ,Sx∈   

we have  ( ) φχ =xc

A ,  since  A   is non-empty, and thus  .Ax∈   This shows that  .SA =   Therefore  S   is 

left simple. 

In the case that  S   is right simple, the proof follows similarly. 

“Theorem 8. Let  ( )≤⋅,,S be a simple ordered semigroup. Then every uni-soft interior ideal over  U   is 

constant. 

Proof. Suppose that  S be a simple ordered semigroup, ( )Sf S ,   be a uni-soft interior ideal over  U   and  

., Sba ∈   Since  S   is simple and  ,Sb∈   we have  ( ].SbSS =   For  Sa∈   we have  ( ],SbSa∈   it 

follows that  xbya ≤   for some  ., Syx ∈   By hypothesis we have 

( ) ( ) ( ),bfxbyfaf SSS ⊆⊆  

Similarly we have  ( ) ( ),afbf SS ⊆   and so  ( ) ( ).bfaf SS = This shows that  ( )UPSf S →:   is 

constant, since  a   and b   are arbitrarily in  .S  

“Theorem 9.Let  ( )≤⋅,,S be an ordered semigroup. A soft set  ( )Sf S ,   over  U   is a uni-soft interior ideal 

over  U   if and only if the non-empty −δ exclusive set of  ( )Sf S ,   is an interior ideal of  S   for all  

( ).UP∈δ ” 

Proof. Suppose that  ( )Sf S ,   is a uni-soft interior ideal over  .U   Let  )(UP∈δ   be such that  

( ) .; φδ ≠SS fe   Let  Syx ∈,   and  ( ),;δSS fea∈   then  ( ) .δ⊆xf S   It follows from hypothesis that 

( ) ( ) .δ⊆⊆ afxayf SS  

Thus  ( ).;δSS fexay∈   Furthermore, let  Syx ∈,   be such that  ( ).;δSS feyx ∈≤ Then ( ) .δ⊆yf S   By 

hypothesis we have 

( ) ( ) .δ⊆⊆ yfxf SS  

 Which means that  ( ).;δSS fex∈ Therefore, ( )δ;SS fe   is an interior ideal of  .S  
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Conversely, assume that the non-empty  −δ  exclusive set of  ( )Sf S ,   is an interior ideal of  S   for all  

( ).UP∈δ   Let  Szyx ∈,,   be such that  ( ) .δ=yfS   Then  ( ).;δSS fey∈   Since  ( )δ;SS fe   is an 

interior ideal of  S  , so  ( ).;δSS fexyz∈   Hence 

( ) ( ).yfxyzf SS =⊆ δ  

Now let  Syx ∈,   with  yx ≤   be such that  ,)( δ=yf S   which means that  );( δSS fey∈  . Since  

( )δ;SS fe   is an interior ideal of  S  , so  ( ).;δSS fex∈   Hence  ).()( yfxf SS =⊆ δ   Therefore,  

),( Sf S   is a uni-soft interior ideal over  U  . 

“Theorem 10.Let  ( )≤⋅,,S   be an ordered semigroup. Then the soft union of two uni-soft interior  

( )right left, resp.,   ideals over  U   is also a uni-soft interior  ( )right left, resp.,   ideal over  .U ” 

Proof. Let  ( )Sf S ,   and  ( )Sg S ,   be union soft interior ideals over  .U For any  Syax ∈,,  , we have 

( )( ) ( ) ( )
( ) ( )

( )( ).~

~

agf

agaf

xaygxayfxaygf

SS

SS

SSSS

∪=

∪⊆

∪=∪

 

Furthermore, let  Syx ∈,   such that  .yx ≤ Since ( )Sf S ,   and  ( )Sg S ,   are union soft interior ideals over  

,U   so we have 

( )( ) ( ) ( )
( ) ( )

( )( ).~

~

ygf

ygyf

xgxfxgf

SS

SS

SSSS

∪=

∪⊆

∪=∪

 

Therefore, ( )Sgf SS ,~∪  is a uni-soft interior ideal over  .U  

In a similar way,  ( )Sgf SS ,~∪   is a uni-soft left  ( )right resp.,   ideal over  .U  

“Theorem 11.Let  ( )≤⋅,,S be an ordered semigroup. Then for any uni-soft set  ( )Sf S ,   over  ,U   let  

( )Sf S ,∗   be a uni-soft over  U   defined by 

( ) ( ) ( )


 ∈

→∗

otherwise,            

,; if   
 ,:

ρ
δSSS

S

fexxf
xUPSf a  

whereδ   and  ρ   are subsets of  U   with  

( )
( ) .

;

ρ
δ

⊄
∉

xf S

fex SS

U   If  ( )Sf S ,   is a uni-soft interior ideal over  

,U   then so is  ( )., Sf S

∗
” 

“Proof. Let .,, Szyx ∈   If  ( ),;δSS fey∈   then  ( ),;δSS fexyz∈   as  ( )δ;SS fe   is an interior ideal of  

S   by Theorem  9.   Hence 

( ) ( ) ( ) ( ).yfyfxyzfxyzf SSSS

∗∗ =⊆=  

Now if  ( ),;δSS fey∉   then  ( ) .ρ=∗ yf S   Thus  ( ) ( ).yfxyzf SS

∗∗ =⊆ δ  

Furthermore, let  Syx ∈,   with  yx ≤   be such that  ( ) .δ=∗ yf S Which means that  ( ).;δSS fey∉   Then 

either  ( )δ;SS fex∈   or  ( ).;δSS fex∉   In any case  

( ) ( ).yfxf SS

∗∗ =⊆ ρ  

Now if  ( )δ;SS fey∈  . Since  ( )δ;SS fe   is an interior ideal of  S   by Theorem  9. Then  ( ).;δSS fex∈   

Hence 

( ) ( ) ( ) ( ).yfyfxfxf SSSS

∗∗ =⊆=  

Therefore,  ( )Sf S ,∗
  is a uni-soft interior ideal over  U .” 

Let  ),,( ≤⋅S   and  ),,( ≤⋅T   be two ordered semigroups. Under the coordinatewise multiplication, i.e., 

( )abxybyax ,),)(,( =  
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where TSbyax ×∈),(),,(  , the Cartesian product  ( ){ }TaSxaxTS ∈∈=× ,,   is a semigroup. Define a 

partial order  ≤   on  TS ×   by 

bayxbyax ≤≤≤  and  ifonly  and if ),(),(  

where .),(),,( TSbyax ×∈   Then,  ( )≤⋅× ,,TS   is an ordered semigroup. 

For uni-soft sets  ( )Sf S ,   and  ( )TfT ,   over  ,U   we consider a uni-soft set  ( )TSf TS ×∨ ,   over  U   in 

which  TSf ∨   is defined as follows: 

( ) ( ) ( )., ),(: afxfaxUPTSf TSTS ∪→×∨ a  

“Theorem 12. Let  ( )≤⋅,,S be an ordered semigroup. If  ( )Sf S ,   and  ( )TfT ,   are uni-soft interior  

( )right left, resp.,   ideals over  ,U   then  ( )TSf TS ×∨ ,   is a uni-soft interior  ( )right left, resp.,   ideal 

over  .U ” 

Proof. Let  ( ) .,),,(),,( TSczbyax ×∈   Then 

( )( )( )( ) ( )
( ) ( ) ( )1               

,,,,

abcfxyzf

abcxyzfczbyaxf

TS

TSTS

∪=

= ∨∨
 

Since  ( )Sf S ,   and  ( )TfT ,   are uni-soft interior ideal over  .U   Then  ( ) ( )yfxyzf SS ⊆   and  

( ) ( ).T Tf abc f b⊆   Hence From equation ( )1   we have 

( ) ( ) ( ) ( )
( ).,byf

bfyfabcfxyzf

TS

TSTS

∨=

∪⊆∪
 

Furthermore, Let  TSbyax ×∈),(),,(   be such that  ).,(),( byax ≤   Then 

( ) ( ) ( )
( ) ( )
( ).,

,

byf

bfyf

afxfaxf

TS

TS

TSTS

∨

∨

=

∪⊆

∪=

 

Therefore,  ( )TSf TS ×∨ ,   is a uni-soft interior ideal over  .U  

Similarly, we show that If  ( )Sf S ,   and  ( )TfT ,   are uni-soft left  ( )right resp.,   ideals over  ,U   then  

( )TSf TS ×∨ ,   is a uni-soft left  ( )right resp.,   ideal over  .U  
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