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ABSTRACT

In this paper, we introduce L-fuzzy soft quasi-hyperideal, L-fuzzy soft bi-hyperideal, L-fuzzy soft

generalized bi-hyperideal, L-fuzzy soft interior hyperideal and discuss some important properties of

these hyperideals. We use these hyperideals to characterize regular and intra-regular semihypergroups.
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1. INTRODUCTION

Most of the problems involving vagueness and uncertainties occur while modeling problems in
medical sciences, engineering, social sciences, etc. To solve these problems many advanced
mathematical tools were developed, like probability theory, fuzzy set theory, and rough set theory and
interval mathematics. Each of these theories have their own intrinsic difficulties. In 1999, Molodtsov
[21] introduced the concept of soft set theory as a completely innovative mathematical tool for modeling
uncertainties in these fields. Therefore, it is said that the soft set theory is free from difficulties. In 2003,
Maji et al. [19] defined the basic set theoretic operations of soft sets. In 2009, Ali et al. [3] introduced
some new operations of soft sets and construct some counter examples. Many other authors also studied
these structure further see [1, 4, 6, 11, 23, 25] and applied in their research areas. In 1967, Goguen [14]
introduced L-fuzzy sets as a generalization of Zadeh's fuzzy sets [31]. In 2001, Maji et al. [18] initiated
fuzzy soft sets and studied some operations. Later on, many mathematicians developed the work (see [2,
10, 12, 24,28, 29]). In 2003, Li, Zheng and Hao [17] introduced L-fuzzy sof sets as an extension of
fuzzy soft sets based on complete boolean lattice. In 2014, Ali, Shabir and Samina [5] applied L-fuzzy
soft sets to semirings and investigated various important results. Shabir and Ghafoor [26] established L-
fuzzy soft semigroups and several notions of the structure with examples. On the other hand, the concept
of hyperstructure theory was proposed by Marty [20] in 1934, at the 8th congress of scandinavian
mathematicians. The basic difference in a classical algebraic structure and an algebraic hyperstructure is
that in a classical algebraic structure the composition of two elements is an element where as in algebraic
hyperstructures the composition of two elements is a set. For this particular reason many mathematicians
[7, 8, 9, 15, 22] attracted towards this direction and widely studied for their applications to various
subjects of pure and applied mathematics. In [27] Shabir et al. initiated the study of L-fuzzy soft
semihypergroups. In the present paper, we initiate the study of special type of the hyperideals of
semihypergroups in the context of L-fuzzy soft sets, where L is a complete bounded distributive lattice.
In Section 2, we give some basic definitions and results useful for further work. In Section 3, we
introduce L-fuzzy soft quasi-hyperideals and prove some fundamental results. In Section 4, we define L-
fuzzy soft bi-hyperideals and prove some related results. In Section 5, we define L-fuzzy soft
generalized bi-hyperideals and illustrate some consequences. In Section 6, we introduce L-fuzzy soft
interior hyperideals and construct some significant results. In Section 7, we characterize Regular and
Intra-regular semihypergroups in terms of these L-fuzzy soft hyperideals. In Section 8, we give some
concluding remarks.
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2. PRELIMINARIES

Definition 1 [7] 4 non-empty set S  together with a hyperoperation ~ is called a hypergroupoid,
where

o: Sx8— P*(S)
and P° (S) is the set of all non-empty subsets of S.  We shall write o (a,b) =aob for any
a,b e S . We denote a hypergroupoid by (S,O) .
Definition 1 [7] 4 hypergroupoid (S ,0) is called a semihypergroup if
(aob)oc=ao(boc) foralla,b,c€S.
Let A,B be the subsets of a semihypergroup S . Then the hyperproduct of A and B is defined
by
AoB= UxeA,yeB(xoy)'
We'll use Ao X instead of Ao {x} and similarly xo A instead of {x}o A .

Definition 3 [7] A4 non-empty subset H of a semihypergroup S is called a subsemihypergroup of
S if HoHcCH ,thatis acbc H forall a,be H .

Definition 4 [7] Let (S,O) be a semihypergroup and e € S . Then e is called the identity element of
S ,if eeeox=xce forall XxX€S§ .

Definition 5 [15] 4 non-empty subset I of a semihypergroup S is called:
1) aleft hyperideal of S iffor a€l and beS,wehave boac I .
2) aright hyperideal of S iffor a€l and be S ,wehave aocbcC [ .
3) ahyperideal of § , ifitis both a left as well as a right hyperideal of .S .

Definition 6 [9] Let X  be an element of a semihypergroup S . Then the smallest left (right)
hyperideal  of S generated by X is denoted by <Xx> (< X >r) ,  where
<x>=(Sox)ulxf<x>=(xo8)Uix}) and <x>=(SoxoS)USoxUxoSUix}.

If S is a semihypergroup with identity element say e then <x>=So x(< x> =x08 ) and
<x>=8oxo§.

Definition 7 [8] A non-empty subset Q of a semihypergroup S is called a Qausi-hyperideal of S
if, QoSNS0cO.

Definition 8 [8] 4 subsemihypergroup B  of a semihypergroup S s called a bi-hyperideal of S
if,. BoSoBcCBHB.

Definition 9 [8] A non-empty subset G of a semihypergroup S is called a generalized bi-hyperideal
of Sif, GoSoGcCG .

Definition 10 [8] 4 non-empty subset 1 of a semihypergroup S is called an interior hyperideal of
S iff SoloSclI.

Definition 11 [8] 4 semihypergroup S is called regular if, for all a €S there exists S€S such
that a€aosoa .
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Definition 12 [8] 4 semihypergroup S is called intra-regular, if for all a€S there exist
X,y €S suchthat a€xoacacy .

Theorem 1 [8] The following conditions for a semihypergroup S are equivalent:

1) S isregular.

2) Ao B = AN B ,foreveryright hyperideal A and left hyperideal B of § .
Theorem 2 [8] The following conditions for a semihypergroup S are equivalent:

1) S isregular and intra-regular.

2) BoB =B foreachbi-hyperideal B of S .

3) QoQ=Q foreach qausi-hyperideal Q of S .

4) B, NB,=(B oB,)N(B,oB,) foreverybi-hyperideals B, and B, of S .

5 RNLc(RoL)N(LoR) foreveryright hyperideal R and every left hyperideal L of S .

6) <a> N<a>c(<a> o<a>)N(<a>o<a>,) forall aes§ .

Definition 13 [17] A4 partailly ordered set (L,S) is called a lattice, if avbeL,anbel for all
a,bel .

Definition 14 [17] Let (L,S) be a lattice. Then L is called

1) acomplete lattice, if » N € L,AN € L forevery subset N of L .

2) abounded lattice, if a top element 1, € L and a lower element 0, € L .
3) adistributive lattice, if

av(bac)=(avb)alave)an(bve)=(anb)v(anc)foralla,b,celL.

Definition 15 [14] Let U be a non-empty set and L  be a complete bounded distributive lattice.
Then an L-fuzzy set A in U is defined by a mapping A : U —> L . The set of all L-fuzzy sets in

U isdenoted by LV .

Definition 16 [17] Let U be an initial universe, E be the set of parameters and L be a complete
bounded distributive lattice and A C E . Then an L-fuzzy soft set f 4 over U is defined as
fi: E—> LY such that f4Q@QOEO for all € E A where 0 s the L-fuzzy set in U which

maps every element of U on L .
Definition 17 [17] Some basic operations of L-fuzzy soft sets are given below:

1) The union of two L-fuzzy soft sets f 4 and g, over U is denoted by fa <i>gB aIA?B , where
hs(x)=f,(x)Ug,(x) forall xeE .
2) The intersection of two L-fuzzy soft sets [ 4 and g, over U is denoted by fa {PgB alAfL‘rB , where

h,(x)=f,(x)"ng,(x) forall xeE .
3) Let f, and g, betwo L-fuzzy soft sets over U .Then f, issaid to be asubsetof g ,if

fu (x)g Je g (x) forall x € E and is denoted by n7y
4) Two L-fuzzy softsets f, and g, over U are said to be equalif f,(x)=g,(x) forall x€ E andis

denoted by fa %B .
Definition 18 [27] By an L-fuzzy soft set of a semihypergroup S  over U, we mean a map

fi S —> LV such that [4OOHO0 , for all s A , where 0 s the L-fuzzy set in U which
map every elementof U on L and AC S .
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The product of two L-fuzzy soft sets f, and g, of a semihypergroup S over U s
defined as

L QO g, DOV if ", b B Ssuchthatx B a =
@, A 2 RO rav W ng

0, otherwise.

forall xS .
Definition 19 [27] Let S be a semihypergroup and A S . Let U be an initial universe and L

be a complete bounded distributive lattice. Then an L-fuzzy softset C, : § — LV s defined as

/4

1, ifx B 4
CAQUH V4

0, ifx  A.

called the L-fuzzy soft characteristic function of A over U .
Proposition 1 [27] Let S be a semihypergroup and A , B C S be any non-empty subsets of S .
Then

1) AcCB ifandonlyif Ca s .

2) CA:[PCBa:A{PB and CAq}CBa:A?B.

3) CiNCp a:A? .

Definition 20 [27] Let S  be a semihypergroup. Then an L-fuzzy soft set f 4 of S over U s
called an L-fuzzy soft subsemihypergroup of S if for all aexoy , we have
rwaexoy { A(a)}QfA(x)mfA(y) fOl”Clll X,V € S .

Proposition 2 [27] An L-fuzzy soft set f, of a semihypergroup S over U is an L-fuzzy sofi
subsemihypergroup of S if and only if fa *fAQ&PA .

Corollary 1 [27] Let A  be a non-empty subset of a semihypergroup S . Then A is a
subsemihypergroup of S if and only if the L-fuzzy soft characteristic function C 4 of A isan L-

fuzzy soft subsemihypergroup of S over U .
Definition 21 [27] Let « LY and fA be an L-fuzzy soft set of a semihypergroup S over U .

Then & — cutof f, isdenoted and defined as f, = {x es : fA(x);) 0(} .
Proposition 3 [27] An L-fuzzy soft set f 4 of a semihypergroup S over U is an L-fuzzy soft
subsemihypergroup of S if and only if each non-empty « -cut of f 4 is a subsemihypergroup of S

Definition 22 [27] Let S be a semihypergroup and [ 4 be an L-fuzzy soft set of S over U . Then
f, iscalled

1) an L-fuzzy soft lefi hyperideal of S over U ifforeach x,y e S ,wehave N, f,(a)2 f,(y).

2) an L-fuzzy soft right hyperideal of S over U ifforeach x,y € S , we have Nacrey S (a) D f, (x) i

3) an L-fuzzy soft hyperideal of S over U ifitis both an L-fuzzy soft left hyperideal and an L-fuzzy soft right
hyperideal of S over U .

118



J. Appl. Environ. Biol. Sci., 7(11)115-137,2017

Corollary 2 [27] Let S be a semihypergroup S  and *4 &S . Then A is a left (right)
hyperideal of S if and only if the L-fuzzy soft characteristic function C 4 of A is an L-fuzzy soft
left (right) hyperideal of S over U .

Proposition 4 [27] If f, and gy are L-fuzzy sofi right hyperideal and L-fuzzy soft lefi hyperideal of

a semihypergroup S over U | then fu ¢g3°<§ﬁ TSp .

3. L-Fuzzy Soft Qausi-Hyperideal

In this Section, we introduce the L-fuzzy soft quasi-hyperideal of a semihypergroup S over U
. We shall take L as a complete bounded distributive lattice throughout this paper.

Definition 23. An L-fuzzy soft set f, of a semihypergroup S over U s called an L-fuzzy sofi
qausi-hyperideal of S over U | if (fA O 1>I{P(1 ¢f“l)afl .

Proposition 5. Every L-fuzzy soft qausi-hyperideal of a semihypergroup S over U is an L-fuzzy
soft subsemihypergroup of S .
Proof. Straightforward.

Proposition 6. The intersection of any family of L-fuzzy soft qausi-hyperideals of a semihypergroup S

over U is an L-fuzzy soft qausi-hyperideal of S over U .
Proof. Strightforward.

Corollary 3. Let | 4 and Qg be L-fuzzy soft right hyperideal and L-fuzzy soft left hyperideal of S

over U, respectively. Then f4¥g8 isan L-fuzzy soft qausi-hyperideal of S over U .
Proof. Let f 4 and g, be L-fuzzy soft right hyperideal and L-fuzzy soft left hyperideal of S over

U , respectively - Then
[(fA,'{\l('gB> () Ilé]%[lf¢ (fA%gB> ] Q&(fA A Ilé)%(lf'f‘gB)
Wﬁglg.

Thus f4 :[PgB is an L-fuzzy soft qausi-hyperideal of S over U .
Lemma 1. If f, isan L-fuzzy soft set of a semihypergroup S over U | then

(qu}(l ¢fA)) and (qu}(fA O 1)) are L-fuzzy soft left and right hyperideals of S  over
U | respectively.

Proof. Let [, bean L-fuzzy softsetof S over U .Then
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Ta{r3(Tar)Yy BT (Tar))
IEINAE LD
[t ) ¥ ar)
b4,
LKD)

Thus f4 ?(1 1/ A) is an L-fuzzy soft left hyperideal of § over U . Similarly, we can show that

fa ?(f A T) is an L-fuzzy soft right hyperideal of S over U .

Proposition 7. A non-empty subset Q of a semihypergroup S is a qausi-hyperideal of S if and
only if the L-fuzzy soft characteristic function CQ of Q is an L-fuzzy soft qausi-hyperideal of S

over U .

Proof. Suppose that () is a qausi-hyperideal of a semihypergroup S and CQ is the L-fuzzy soft

characteristic function of O over U .Let a beanelementof S .
If aeQ , then CQQUHl , so we have [(CQ * 1>I{P(1 ¢CQ):IQ‘Vr&l HCQQ(.
If a¢Q ,then CQQUHO . Let [(CQ O 1>ﬁ}‘(1 ¢CQ>:|QUEI .

Then (CQ O Ii.) QUHT and (T 0 CQ) QOHT . This implies

Patny {cgaw'fm} ) and Patny {'faoﬁx cgm} ar

This implies that there exist elements b,c,d,ecS with a€boc and aecdoe such that

Co@UOHT ,y CoROHE1 e aebocc QoS and aedoecSoQ , that is
ae(QoS)N(SoQ)cQ , which contradicts our supposition that ag(@ . Thus we have

(CQ O '1->%('1-$ CQ>%CQ . Hence C

semihypergroup S over U .

0 is an L-fuzzy soft qausi-hyperideal of the

Conversely, let CQ be an L-fuzzy soft qausi-hyperideal of S over U . Let a €S be such that

ae(QoS)m(SoQ) , that is ae€QoS and ae€SoQ . Then there exist elements s,/ €S
and b,ce Q suchthat a€bos and a €toc . Thus we have

(Co 'f) QUH ¢,y {CoQUF '1‘9(}
&IC, DO o0

K £ K
Hlrl Hl.
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Which shows that (CQ O 1>QU<XII . But (CQ 0 1)‘&0&1 , this implies that
(ConT)@od]
Similarly, we can show that (1 O CQ) @O | .

Hence by hypothesis CQQU@[ (CQ O 1>ﬁ}‘(1 0 CQ) }QUH Ll Hl Which shows
that @ € O and thus we have (Q ° S)ﬁ (S ° Q) C Q . Therefore Q is a qausi-hyperideal of S .

Theorem 3. If an L-fuzzy soft set f 4 of a semihypergroup S over U is an L-fuzzy soft qausi-
hyperideal of S , then each non-empty & — cut an of fA is a qausi-hyperideal of S .
Proof. Suppose that f 4 1s an L-fuzzy soft qausi-hyperideal of S over U and aelL” be such

© = a a a a
that [a ®E | Let ae(fA OS)ﬁ(SOfA) . Then aef;oS ad aeSof, . Let
b,ce f; and s,t €S besuchthat a€bos and a €toc . Thus by hypothesis

raod (1 A DF(T as) Jao
H(fA A 'f)fwa- ('fq«fA)(ao
[ {00010 ] #[ 0y {T@0H/,6G ]
<ZI{fA(bUﬁ= 'fm} i {'foo{r fAm}
&, O/, Q0

Xow © because b,c B ¢
HO

This implies @ € f; and so (an ° S)ﬂ(SOan)g fi . Hence f; is a qausi-hyperideal of S

Proposition 8. Every one-sided L-fuzzy sofi hyperideal of a semihypergroup S over U is an L-fuzzy
soft qausi-hyperideal.
Proof. Straightforward.

Remark 1. The converse of above Proposition is not true, in general.

Example 1. Consider the semihyperoup S={x,y,Z,l‘} with hyperoperation o  defined in the
following table

y | D U Az e
P AN | Ay e
t A e ey | e
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Let U= {p,q} and A= {x,y}c; S . Let L= {O,Q,b,c,d,l} be a complete bounded distributive

lattice shown in figure 1 .

0 [figure 1]

—_—

Define f, 8> as fAQUﬂ{%’%}’fAOUE{%’%}’fAGonAGUBO . Then

Sfa isan L-fuzzy soft quasi-hyperideal of S over U .
Since

Ty /1 OOHS OO/ O0E{L, L} ¢ {24} @{L,1} < {21} Ef, O
Therefore fa isnotan L-fuzzy soft right hyperideal of S over U,

Py £ OOHS, Q07 OOF (£, L} #0 @0 < {£,1} Hf, ¢
Therefore [ 4 s not an L-fuzzy soft left hyperideal of S over U .

In addition

4. L-Fuzzy Soft Bi-Hyperideal

In this section, we define the L-fuzzy soft bi-hyperideals and prove some related results.
Definition 21. An L-fuzzy soft subsemihypergroup f, of a semihypergroup S over U s called

an L-fuzzy soft bi-hyperideal of S over U if [ {fA (S)};)fA (a)m fA (C) for all
a,b,c @S

Proposition 9. Let f, be an L-fuzzy soft set of a semihypergroup S over U . Then f, is an L-
fuzzy soft bi-hyperideal of S over U ifand only if

VLA

QL ATALE

Proof. Suppose that f, is an L-fuzzy soft bi-hyperideal of S over U . Then f, is an L-fuzzy
soft subsemihypergroup of S over U and by Proposition 2, fa *fA&A .Let xe§8 . If there

ven (Fi AT A QURD B/

do not exist y,z€S§ such that xe€ yoz

fa ¢ 1 "’fA&A . Otherwise,

and so,
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(f A F s @0ae, {00 (Tar,) 06
Heys [f,O0F {42y {'f@oﬁ-fAm}}]
s %2y {/,00F1002/,Q0
H s Yy OO0/, QO

Since xe€yoz and ze€ pogq this implies that xeyozgyO(poq) . Since f, is an L-
fuzzy soft bi-hyperideal of S over U ,s0o N . .. f, (x)QfA (y)ﬁ f, (q) . This implies that

fA(x)QfA(y)mfA(q) - Thus
Y reyor Uzepoq{ A(y)mfA (Q)}g Y teyor Yzepoq S (x)
=f4 (x)
Therefore 4 AN Tq’anA .
Conversely, assume that fa *fA&A and  fa IT"’fAﬁA . Since  f4 *fA&A , so by

Proposition 2, f4 is an L-fuzzy soft subsemihypergroup of S over U . Now for a,b,x 4§ , let
pEaoxob . Thenthereexists ¢ € @aox suchthat p € g ob . Thus by hypothesis, we have

[ POE(1, AT L) PO
G, (1 A1) @0e/, 00
/4
&(f; N 1) QO BO
= R {fA QUF 'fm} 31,00

/4
&, Q0 1QUVES,BO
Hf,Q0F/,00

Thus M ,_yorp fA(p);)fA(a)mfA(b) .

Hence f, isan L-fuzzy soft bi-hyperideal of S over U .

Proposition 10. A non-empty subset B  of a semihypergroup S is a bi-hyperideal of S if and
only if the L-fuzzy soft characteristic function C g Oof B s an L-fuzzy soft bi-hyperideal of S  over

U .
Proof. Suppose that B is a bi-hyperideal of S . Then by Corollary 1, C g 1s an L-fuzzy soft

subsemihypergroup of S over U .Let x,y,z€ S .
If x,ze€ B, then CzQUEHC;Q0H 1 .Soforevery s€xoyozcC BoSoBcC B ,wehave

/4
CpOUH]1 HCzQOF C300
K
ThjSiIl’lpliCS '{Psfy?CBGUHl HCBQWCBQU

If x¢B or z¢ B ,then C3OOHO0 o CzQOHEO | Thys we have
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/4
CpOOXD HC; QO C300
This imp]ies 'ﬁ'sfy? CB 00@36% CB QU

Which shows that C; is an L-fuzzy soft bi-hyperideal of S over U .
Conversely, assume that C g is an L-fuzzy soft bi-hyperideal of S over U . Then by Corollary I,

B isa subsemihypergroup of S . Let S€BoSoB . Then there exist x,ze€ B and yeS such
that s € xo yoz . Since

K £ K
Tsrye CpOOXIC, QO C;, QO 71 H.

Hence for each sexoyoz , we have CpOOE1 and 5o se€B . Thus BoSoBcC B
Therefore, B is a bi-hyperideal of S .

Theorem 4. An L-fuzzy sofi set [ 4 of a semihypergroup S over U is an L-fuzzy soft bi-

hyperideal of S over U if and only if each non-empty o — cut f Aa of f 4 Is a bi-hyperideal of
S .
Proof. Suppose that f 4 is an L-fuzzy soft bi-hyperideal of S over U . Then f 4 1s an L-fuzzy

soft subsemihypergroup of S . By Proposition 3, f; is a subsemihypergroup of S . Let
a,be [ .Then fA(a)Q a and fA(b)Q @ .Let s €S . Then by hypothesis
Ncaoses S 4 (x) = fA(a)m S (b)

Q.
This implies  f,(x)2a  for every x€a@osob and so xe f¥ . This shows that
fioSofi < f, Hence f, isabi-hyperideal of S .
Conversely, suppose that each non-empty subset f,° of f, is a bi-hyperideal of § . Then f; is
a subsemihypergroup of S . By Proposition 3, f 4 s an L-fuzzy soft subsemihypergroup of S over

U .Nowweshow M., f(x)2 f, (@) f, ().
Iif f4Q@OFf, QUHE , then there is nothing to prove.
if f4QUTS, BORO0 Lot £ (a)n f,(h)=a €L . Then

OHf, QU BOYS, QU
and @HfAQ(ﬁfA GU&fA 1Y)

© z
This implies a,b e f; . Since each fi®E 5 . bi-hyperideal of S , so for all s€S,
aosobc f¥ Let x€aosob .Then f,(x)2a forevery x€aosob .
Thus O, [ (x)2 f,(a)n f,(b) and hence f, is an L-fuzzy soft bi-hyperideal of S

over U .

Proposition 11. Every L-fuzzy soft qausi-hyperideal of a semihypergroup S over U is an L-fuzzy
soft bi-hyperideal of S over U .
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Proof. Straightforward.

Corollary 4. Every one-sided L-fuzzy soft hyperideal of a semihypergroup S over U is an L-fuzzy
soft bi-hyperideal of S over U .
Proof. Striaghtforward.

Remark 2. The converse of above corollary is not true in general, as shown in the following Example.

Example 2. Let S ={x,y,z,t} be a semihypergroup with hyperoperation  ©  defined in the
following table

[e)

=

=
N A N N

=)

=

TN e | =
,-M,-M?,-A-mw
——| = | =~

=

=)

Let U={p,q} be the initial universe and L={O,a,b,c,d,1} be a complete bounded distributive
lattice of Example. Let B:{x,y}gS . Define an L-fuzzy soft set fz i S — I’ as
P 4 P4 Y
fQOE{E. L 1,008 (£, [, QU ;00d0 7,
hyperideal of S over U .
s ooy = /3 QUES; QOL £, 0E (£, 2} 40 HO < {2, L} Hf; Q¢

is an L-fuzzy soft bi-

1°a Therefore
fB is not an L-fuzzy soft right hyperideal of S over U .
P 4 "= T r 4
Further Wyary /3 QOES Q OF 1 GOH {T’ 7} O HO < {;’ ;} iy O Therefore

f» isnotan L-fuzzy soft left hyperideal of S over U .

Proposition 12. The product of two L-fuzzy soft bi-hyperideals of S over U is an L-fuzzy soft bi-
hyperideal of S over U .
Proof. Straightforward.

5. L-Fuzzy Soft Generalized bi-hyperideal

In this Section, we define the L-fuzzy soft generalized bi-hyperideal. We shall also prove some
fundamental results of L-fuzzy soft generalized bi-hyperideals.

Definition 25. An L-fuzzy soft set f, ¢ Oof a semihypergroup S over U s called an L-fuzzy soft

generalized bi-hyperideal of S over U if [ P { G(a)}; fG (x)ﬂ fG (Z) for all
x,y,z€S .

Proposition 13. Let fG be an L-fuzzy soft set of a semihypergroup S over U . Then fG is an L-

fuzzy soft generalized bi-hyerideal of S over U if and only if fo M1 *fGaG .
Proof. The proof is similar to the proof of Proposition 9.
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Proposition 14. A non-empty subset G  of a semihypergroup S is a generalized bi-hyperideal of
S if and only if the L-fuzzy soft characteristic function C, of G is an L-fuzzy soft generalized bi-

hyperideal of S over U .
Proof. The proof is similar to the proof of Proposition 10.

Theorem 5. An L-fuzzy soft set f, ¢ ©of a semihypergroup S over U is an L-fuzzy soft generalized

bi-hyperideal of S over U if and only if each non-empty o — cut fGa of fG is a generalized bi-

hyperideal of S .
Proof. The proof is similar to the proof of Theorem 4.

Remark 3. Every L-fuzzy soft bi-hyperideal of a semihypergroup S —over U is an L-fuzzy soft
generalized bi-hyperideal of S over U . But the converse is not true in general, because every L-

fuzzy soft set of a semihypergroup S over U is not an L-fuzzy soft subsemihypergroup.

Example 3. Consider the semihypergroup S = {x,y, z,t } with hyperoperation © defined by

o

P
P

x {x
b o |

Let U :{l,m} be the initial universe and Lz{O,a,b,c,d ,1} be a complete bounded distributive

7 =

=
N | N | N | N~

~=
Rt D e B

TN | =

&
&
&
&3

lattice of Example 1. Let G={x, y,Z}c;S . Define an L-fuzzy soft set f; : S IV as
[ m [ m [ m N
fcQOR{L 2} fO0R (1.2} (c00a{L 2} [GOE0 . o L

fuzzy soft generalized bi-hyperideal of S over U . For fG to be an L-fuzzy soft bi-hyperideal, we

calculate f G *f G .

For t €S , we have

?G *fG moaq’tu’v ’D‘Gﬁ(ﬁ'fgﬁw

H Y OOF ;00
/ [
| E’% e E’%

H{%,%} 56 6/, 00

So, f6 Nf6B¥  and hence by Proposition 9, f. is not an L-fuzzy soft bi-hyperideal of S over
U .

Proposition 15. The product of two L-fuzzy soft generalized bi-hyperideals of S over U is an L-
fuzzy soft generalized bi-hyperideal.
Proof. The proof follows from Proposition 12.
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6. L-Fuzzy Soft Interior hyperideal

In this Section, we define L-fuzzy soft interior hyperideal and prove some important results. We also
give some counter examples.

Definition 26. An L-fuzzy soft set f1 of a semihypergroup S over U is called an L-fuzzy soft
interior hyperideal of S over U if M cgoboc {fl(s)}gfl(b) forall a,b,ce S .

Proposition 16. Let f[ be an L-fuzzy soft set of a semihypergroup S over U . Then f, is an L-
fuzzy soft interior hyperideal of S over U if and only if 1A Ml C'il .

Proof. The proof is similar to the proof of Proposition 9.

Proposition 17. A4 non-empty subset I of a semihypergroup S is an interior hyperideal of S if
and only if the L-fuzzy soft characteristic function C, of I is an L-fuzzy soft interior hyperideal of

S over U .

Proof. The proof is similar to the proof of Proposition 10.

Theorem 6. An L-fuzzy soft set f, of a semihypergroup S over U is an L-fuzzy soft interior
hyperideal of S over U if and only if each non-empty & — cut fla of f, is an interior
hyperideal of S .

Proof. The proof is similar to the proof of Theorem 4.

Lemma 2. Every L-fuzzy soft hyperideal f] of a semihypergroup S over U is an L-fuzzy soft

interior hyperideal of S over U .
Proof. Straightforward.

Remark 4. The converse of above lemma is not true in general, as shown in the following Example.

Example 4. Let S = {x,y, Z,t} be the semihypergroup of Example 3. Let U = {p,q} be the initial
universe and L={O,a,b,c,d,1} be a complete bounded distributive lattice of Example 1. Let

1= {x,y} cS . Define an L-fuzzy soft set f, i S—> o as
P4 P4 Y
/16O {T’ 7} J1 OUH {T’ d } J1 Ooafl @O0 . Then f, is an L-fuzzy soft interior

hyperideal of S over U .
Nowas Tiiv=/1O0HS, QO OOE{L, L} $0 HO < {£, L} HLQC
Therefore f, is not an L-fuzzy soft right hyperideal of S over U . Subsequently f, is not an L-

fuzzy soft hyperideal of S over U .

Proposition 18. Ler S be a semihypergroup with identity € . Then f, is an L-fuzzy sofi

hyperideal of S over U ifand only if f, is an L-fuzzy soft interior hyperideal of S over U .
Proof. Straightforward.

7. Regular and Intra-regular Semihypergroups

In this Section, we characterize the regular and intra-regular semihypergroups by using the
properties of their L-fuzzy soft hyperideals.
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Theorem 7. A semihypergroup S is regular if and only if faMNgs ﬁA TLB for every L-fuzzy soft
right hyperideal f 4 and L-fuzzy soft left hyperideal g, of S over U .

Proof. Suppose thatS is a regular semihypergoup. Let f 4 and g, be L-fuzzy soft right and L-fuzzy
soft left hyperideals of § over U , respectively. Since S is regular, so for every @ € S there exists

x €S suchthat a€aoxoa .Let pexoa besuchthat a € ao p . Then
P2z WOHE? 5, N, DO g, QUL
&f,@Or gz PO
&F,@Or gz @0  because g5 PO 5w gg POKE ;@O
H (1%, ) @0

This implies fﬁ‘ggﬁﬁ Mgz and by Proposition 4, fa *gBQ‘gA%gB .
Hence /4 'ngﬁﬁ‘gB .

Conversely, suppose that faNgs ﬁA%gB for every L-fuzzy soft right hyperidal f 4 and L-fuzzy
soft left hyperideal g, of S over U .Let A and B be right and left hyperideals of §
respectively. Then by Corollary 2, the L-fuzzy soft characteristic functions C, and C,; of A4 and
B are L-fuzzy soft right hyperideal and L-fuzzy soft left hyperideal of S over U , respectively. By
hypothesis CiMNCp ajA%CB and by Proposition 1, we have

This implies Ao B = AN B . Hence by Theorem 1, S is a regular semihypergroup.

Theorem 8. The following assertions are equivalent for a semihypergroup S .

DC S sregular.

QC N1 AS, ﬁA for every L-fuzzy soft generalized bi-hyperideal f, of S over U .
QC N1 N4 ﬁA for every L-fuzzy soft bi-hyperideal f 4 of S over U .

@ N1 Af ﬁA for every L-fuzzy soft qausi-hyperideal f, of S over U .

Proof. (1):> (2) Let S be a regular semihypergroup and  f 4 be an L-fuzzy soft generalized bi-

hyperideal of S over U . Since S is regular, so for every a €S there exists §€.S such that
acaocsoa .Let xe€eaos besuchthat a€xoa . Then
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(a AT As) @oE e, (1A T)0087,08
(s, D) avts,a0
6t {90 QG 4/,@0
&F, Q0% 10O/, A0

Hf,Q0F/,Q0
H/,Q0

Thus we have f4 N1 1~f A@A . Since  f 4 1s an L-fuzzy soft generalized bi-hyperideal of S over

U, so faMN Irl-1~anpA . Hence fa4 M T*fAﬁA .
(2) = (3) and (3) = (4) are strarightforward.

(4):> (l) Let f 4 and g, be L-fuzzy soft right and L-fuzzy soft left hyperideals of S over U ,

respectively. Then by Corollary 3, fa 1}'gB is an L-fuzzy soft qausi-hyperideal of S over U . Hence
by hypothesis

£ B(A%e) AT A (%)
K
Q&fA MNiANgs
°&fA Ngs.

But f4 *gBEA TSp s always true, for every L-fuzzy soft right hyperideal f 4 and L-fuzzy soft

left hyperideal g, of S over U . Hence f4 ¢gB ﬁA ﬂ’gB . Therefore by Theorem 7, S is a
regular semihypergroup.

Theorem 9. The following assertions are equivalent for a semihypergroup S

1) S isregular.

2) f. A%g BEA MNgs for every L-fuzzy soft generalized bi-hyperideal f° 4 and every L-fuzzy soft left
hyperideal g, of S over U .

3) favrg B&A MNgs for every L-fuzzy soft bi-hyperideal f  and every L-fuzzy soft left hyperideal £B of
S over U .

4) fa :ﬁ'gBEA MNgs for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft left hyperideal g,
of S over U .
Proof. (1):> (2) Let f 4 and g, be any L-fuzzy soft generalized bi-hyperideal and L-fuzzy soft

left hyperideal of S over U , respectively. Since S is regular, so for every a €S there exists
x €S suchthat a€aoxoa .Let pexoa besuchthat a €ao p . Then
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QA ¢g3 W OH ¢, /D(A ‘M’ﬁ‘gBQ(’l’

&Y @OF g PO
AlSOgB@U@pfa gBQU

Xk @O because gp is L-fuzzy soft left hyperideal.

Py A g WOK), QOF g, QOH (fAI{PgB>Q( and hence f4 *gB’ZZLl%gB

Thus we have

(2) = (3) = (4) are straight forward.
(4):> (l) Let f 4 and g, be any L-fuzzy soft right hyperideal and L-fuzzy soft left hyperideal of
S over U , respectively. Then f, is an L-fuzzy soft qausi-hyperideal of S over U . Then by

hypothesis fa %gBﬁA Mgz . But f4 'rgBQ&A Tgp always holds, for every L-fuzzy soft right
hyperideal ~ f 4 and L-fuzzy soft left hyperideal £B of S over U . Thus f4Wgs aA ¥

Therefore by Theorem 7, S is a regular semihypergroup.
Theorem 10. The following assertions are equivalent for a semihypergroup S

1) S isregular.

2) fa %g BHA 0 8B for every L-fuzzy soft right hyperideal f 4 and every L-fuzzy soft generalized bi-
hyperideal g, of S over U .

3) f. A,:[Fg BEA 0 8B for every L-fuzzy soft right hyperideal f 4 and every L-fuzzy soft bi-hyperideal g, of
S over U .

4) f. A’{Fg B&A MNgs for every L-fuzzy soft right hyperideal f 4 and every L-fuzzy soft qausi- hyperideal

gy of S over U .
Proof. The proof is similar to the proof of Theorem 9.

Theorem 11. The following assertions are equivalent for a semihypergroup S

1) S isintra-regular.

2) LNRcC LoR foreveryright hyperideal R and every left hyperideal L of § .

3) fatrg B&A MNgs for every L-fuzzy soft right hyperideal g, and every L-fuzzy soft left hyperideal f 4

of S over U .
Proof. (1):> (3) Let f 4 and g, be any L-fuzzy soft left hyperideal and L-fuzzy soft right

hyperideal of S over U , respectively and a €S . Since S is intra-regular, so there exist
x,ye S such that a€xoagoaoy .Let pexoa and geao)y be such that ae€ pog
Then we have

Py AN g @OH 5,4 P, OOF g, GOV
&f, PO0r g QO

Since  f 4 and g, are L-fuzzy soft left and L-fuzzy soft right hyperideals of S over U ,
respectively. Therefore
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fA(p) mpexoafA(p)QfA(a)
and g,(¢)2 N,...,85(7)2 g, (a).

U

Thus

Py N g ROKY POF g, QO
@’AQU[PgBQU

(/%) @0

Hence /4785 X4 N g5 .
(3):>(2) Let L and R be any left and right hyperideals of S , respectively. Then by Corollary

2, the L-fuzzy soft characteristic function C , of L is an L-fuzzy soft left hyperideal of S over U
and the L-fuzzy soft characteristic function C r of R is an L-fuzzy soft right hyperideal of S over

U . By hypothesis, we have CyL '{?CR%CL A Cr and by Proposition 1, we have
o7 - of TCRACL N Crr : oy

This implies LN R LoR .
(2)=(1) Let a€S .Let <a> and <a>, be left and right hyperideals of S generated by
a , respectively. Then
ae<a> N<a>,
c<a> o<a>,
= ({a}uSoa)o({atuaos)
:(aoa)u(aoaOS)u(Soaoa)u(SoaoaOS).

If a€aca ,then acacacCacacacac Scacaos .

If ac€aoaoS ,then acaoaoSCaol(acaocS)oScaoc(aca)o(SoS)cSoacaos .

If ae€Soaoa then acSoacac So(Seaca)oac(SoS)o(aca)eac Soacaos .

Thus in each case @ €Soaocao§ . This means that for each a €S there exist x,y €S such

that a € xoaoaoy .Hence S isan intra-regular semihypergroup.

Theorem 12. The following assertions are equivalent for a semihypergroup S :

1) S isregular and intra-regular.
2) Every L-fuzzy soft qausi-hyperideal of S over U is idempotent.
3) Every L-fuzzy soft bi-hyperideal of S over U is idempotent.

4) f4 ‘f?gBQ&A *gB for every L-fuzzy soft qausi-hyperideal f 4 and g, of S over U .

5) f4 ‘f?g BHA 0 8B for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft bi-hyperideal g,
of § over U .

6) fatrg BEA MNgs for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft generalized bi-
hyperideal g, of S over U .
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7 fatrg B&A MNgs for every L-fuzzy soft bi-hyperideal f4 and every L-fuzzy soft qausi-hyperideal g,

S over U .

8) fA?[FgBaA AN gs for every L-fuzzy soft bi-hyperideal f , and g, of S over U .

9) fA?[FgBaA *gB for every L-fuzzy soft bi-hyperideal f 4 and every L-fuzzy soft generalized bi-
hyperideal g, of S over U .

10) f. A%gBaA *gB for every L-fuzzy soft generalized bi-hyperideal f° 4 and every L-fuzzy soft qausi-
hyperideal g, of S over U .

11) fA%gBaA *gB for every L-fuzzy soft generalized bi-hyperideal f° 4 and every L-fuzzy soft bi-
hyperideal g, of S over U .

12) fa :ﬁ'gBaA MNgs for every L-fuzzy soft generalized bi-hyperideal f° 4 and g, of S over U .

of

Proof. (1):> (12) Let f, and g, be any L-fuzzy soft generalized bi-hyperideals of S over

U and aeS . Then by our hypothesis there exist X, v,z€ S such that a@€aoxoa and
acyoaoaoz .Thus
aeaoxoa
c aoxo(aoxoa)
c (aox)oao(xoa)
c (aox)e(yeacacz)o(xoa)
:(aoxoyoa)o(aozoxoa),
Then forsome peaoxoyoag and geaozoxoa ,wehave a € pogq .Thus we have
Py AN gz @OH 5,4 P, OOF g, GOV
& POF g QO
Since f 4, and g, are L-fuzzy soft generalized bi-hyperideals, so
M peas(xoyfa fA(p)Q fA(a)mfA(a)
= fA(a)
and mqeac(zox)oa gB (q)2 gB (a)mgB (a)
= gB(a)
Thus
P Ny ROKY POF g, GO
&, QU g, @0
(/%) @0
Hence fA%gBaA MNgs .

It s clear that (12)= (11)= (10)= (4)= (2), (12)= (9)= (8)= (7)= (4),

(12)=(6)=(5)=(4) and (8)=(3)=(2)
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(2):> (l) Let ( be a qausi-hyperideal of . Then by Proposition 7, the L-fuzzy soft characteristic
function CQ of Q isan L-fuzzy soft qausi-hyperideal of S over U . By hypothesis

CQ@ HCQ ¢ CQ HCQ
Thus Qo Q = . Hence by Theorem 2, S is regular and intra-regular semihypergroup.

Theorem 13. Let S be a semihypergroup. Then the following statements are equivalent:
1) S isboth regular and intra-regular.

2) fa :ﬂ'gBmA Mg &F@s N4 for every L-fuzzy soft right hyperideal f 4 and every L-fuzzy soft left
hyperideal g, of § over U .

3) f. A%gBmA MNgs @@B ANt for every L-fuzzy soft right hyperideal f 4, and every L-fuzzy soft
qausi-hyperideal g, of S over U .

4) f. A%gBmA MNgs @@B ANt for every L-fuzzy soft right hyperideal f 4 and every L-fuzzy soft bi-
hyperideal g, of § over U .

5) f. A%gBmA MNgs @@B ANt for every L-fuzzy soft right hyperideal f 4, and every L-fuzzy soft
generalized bi-hyperideal g, of S over U .

6) f. A%gBmA MNgs @@B A4t for every L-fuzzy soft left hyperideal f 4 and every L-fuzzy soft qausi-
hyperideal g, of § over U .

7 f. A%"gBmA MNgs @@B ANt for every L-fuzzy soft left hyperideal f 4 and every L-fuzzy soft bi-
hyperideal g, of § over U .

8) f. A%gBmA MNgs @@B ANt for every L-fuzzy soft left hyperideal f 4, and every L-fuzzy soft
generalized bi-hyperideal g, of S over U .

9) fA%gBmA Mg @@B A4 ¢ for every L-fuzzy soft qausi-hyperideal f , and gz of S over U .

10) fa %gBmA () gs @@B *f 1 ¢ for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft bi-
hyperideal g, of S over U .

11) fa %ge%ﬁ% () gs @@B *f 1 ¢ for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft
generalized bi-hyperideal g, of S over U .

12) fA%gBmA ¥ @@B A4 ¢ for every L-fuzzy soft bi-hyperideal f, and g, of S over U .

13) f. A%gB%vA MNgs @@B ANt for every L-fuzzy soft bi-hyperideal f , and every L-fuzzy soft
generalized bi-hyperideal g, of S over U .

14) fa :ﬂ'gB%vA Mg &F@s N4 for every L-fuzzy soft generalized bi-hyperideal f° 4 and g, of S
over U .
Proof. (1):> (14) Let f, and g, be L-fuzzy soft generalized bi-hyperideals of § over U .

Then by Theorem 12, f4 :ﬂ'gBaA AN g5 . Also we have
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fA%gB agB%’fA
QNes Mo

Therefore 485 S0 AN g5 @5 M€

It s clear that (14)= (13)= (12) = (9) = (6) = (2), (14)= (11)= (10)=(9),
(14)=(5)=4)=03)=(2).

(2):> (l) Let f 4 and g, be any L-fuzzy soft right hyperideal and L-fuzzy soft left hyperideal of

S over U, respectively. Then we have

fi%es QP Mg EFQ@p A S, O
Q@ MO

So by Theorem 11, S is intra-regular. Since

fiTes QP Mgz EFQ@p A S, O
Q&?A ¢ g3 O

Also 4 'fgﬁ% :ﬂ’gB , always holds for every L-fuzzy soft right hyperideal f4 and L-fuzzy soft
left hyperideal &B . Therefore we have f4Tgs ﬁA AN gs . Thus by Theorem 7, S is regular.

Theorem 14. Let S bea semihypergroup. Then the following statements are equivalent:
1) S isregular and intra-regular.

2) fa %gBaA A g3 *f 4 for every L-fuzzy soft qausi-hyperideal f° 4 and every L-fuzzy soft left hyperideal
gy of S over U .

3) f4 %g BEA A g3 *f 4 for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft right
hyperideal &8 of S over U .

4 . A%"gBaA Mg N4 for every L-fuzzy soft qausi-hyperideals f, and g, of S over U .

5) fu %g B&A Mgz N4 for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft bi-hyperideal
g8 of S over U.

6) fu %gBHA A g3 *f 4 for every L-fuzzy soft qausi-hyperideal f 4 and every L-fuzzy soft generalized bi-
hyperideal g, of S over U .

7) fa %g B&A A g3 ¢f 4 for every L-fuzzy soft bi-hyperideal f4 and every L-fuzzy soft left hyperideal
g8 of S over U.

8) fu %g B&A A g3 *f 4 for every L-fuzzy soft bi-hyperideal [ 4 and every L-fuzzy soft right hyperideal
gy of S over U .

9) fa %gBaA Mg N4 for every L-fuzzy soft bi-hyperideal f 4, and every L-fuzzy soft qausi-hyperideal
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g of § over U .

10) fA%gBHA ANgs N4 for every L-fuzzy soft bi-hyperideals f , and gz of S over U .

11) f. A%gBaA A g3 ¢f 4 for every L-fuzzy soft bi-hyperideal [’ 4 and every L-fuzzy soft generalized bi-
hyperideal g, of S over U .

12) f. A%gBaA Mgz N4 for every L-fuzzy soft generalized bi-hyperideal f 4+ and every L-fuzzy soft left
hyperideal g, of § over U .

13) f. A%gBaA Mg N4 for every L-fuzzy soft generalized bi-hyperideal f° 4+ and every L-fuzzy soft right
hyperideal g, of § over U .

14) f. A%gBaA Mg N4 for every L-fuzzy soft generalized bi-hyperideal f° 4 and every L-fuzzy soft qausi-
hyperideal &8 of S over U .

15) f. A%gBHA *gB *f 4 for every L-fuzzy soft generalized bi-hyperideal f’ 4 and every L-fuzzy soft bi-
hyperideal &8 of S over U .

16) fA%gBanA Mg N4 for every L-fuzzy soft generalized bi-hyperideals f 4 and g, of S over U .

Proof (1):> (1 6) Let f, and g, be any L-fuzzy soft generalized bi-hyperideals of S over U

and a€S . Since § is regular as well as intra-regular, so there exist X, y,z€ S such that
ac€aoxoa and ae€ yoacaoz . Thus
aeaocxoa

g(aoxoa)oxO(aoxoa)
gaoxo(yoaoaoz)oxo(yoaoaoz)oxoa
:(aoxoyoa)o(aozoxoyoa)o(aozoxoa)_
Then for some p.q,r €S , we have pEaocxoyoa , gqeEeaoczoxoyoa and
reaozoxoa suchthat ae pogor .Let [ € pog besuchthat @ €lor . Thus we have

?A *gB *fA (’aoa q%s”‘?’f?A ¢gB(ﬁUﬁ‘fA001/

SNy A g3 WOT 1, DO
H e 100 g; Q0 £, G0

& POT g QO HO

Since f 4 and g, are L-fuzzy soft generalized bi-hyperideals of S over U ,so we have

fA‘ﬁU@{Ppaﬂ?(ﬁfA‘Po@AQ(ﬁfA‘aonAQQ

gBQo@qa‘ﬂ‘%‘}?(ﬁ gBQO@BngBQOEgBQU

and £ DO 3,0 vou f1 @O, QOT £, QOHS, QO
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This shows that

PN N ROKS, @OF gz QO QO
Hf,QUrf, Q0 g; QO
HfAQ(ﬁgBQU

Hence /4025 S MNgs Ny |
it is clear that (11)=(6)=(3)=4)=03) . (16)=(15)=(14)=013)=08)=3) .
(14)3(12):(7):(2) and Q6OA A1OA QVVA GOA QG

=

(3):> (l) Let f4 be an L-fuzzy soft qausi-hyperideal of S over U . Since 1 is an L-fuzzy soft
right hyperideal of S over U , thus we have fa ﬁA {PlﬁA Ml 1~fA .
Hence by Theorem 8, S is regular. Let g p be any L-fuzzy soft right hyperideal of S over U .
Since f, isan L-fuzzy soft qausi-hyperideal of S over U , so we have

fA%gB Q&fA Mgz Ny
Q&fA 0\ (gB () If)
°&ﬁ4 Ngs.

Hence by Theorem 11, S is intra-regular.
Similarly, we can prove (2) = (l) .

8. CONCLUSION

In this paper, we have introduced L-fuzzy soft quasi-hyperideal, L-fuzzy soft bi-hyperideal, L-fuzzy soft
generalized bi-hyperideal and L-fuzzy soft interior hyperideal of a semihypergroup S over U . We
have investigated some important algebraic properties of these hyperideals. Also we have characterized
Regular and Intra-regular semihypergroups in terms of these L-fuzzy soft hyperideals, where L is a
complete bounded distributive lattice. In future we will study prime and semiprime L-fuzzy soft bi-

hyperideals of a semihypergroup S over U .
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