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ABSTRACT

In this paper we present a short but important summary of Pythagorean fuzzy sets. Especially we discuss several
basic and important definitions of Pythagorean fuzzy sets, several operations on Pythagorean fuzzy sets, several
algebraic laws of Pythagorean fuzzy sets. In the last we also present the concept of modal operators and
normalization on Pythagorean fuzzy sets.
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1. INTRODUCTION

The model of fuzzy set was familiarized by Zadeh [1]. In fuzzy set he only discussed the membership
element, which is known as the degree of membership. He also developed many applications of the fuzzy set theory
in many fields, such as engineering, management science and computer science etc. After the habituated of fuzzy set
Atanassov [3] study fuzzy set theory and familiarized the idea of a new set called intuitionistic fuzzy set in which he
considered both the membership and non-membership functions. Actually IPS is a generalized form of the fuzzy set.
After the looks of intuitionistic fuzzy set theory many scholars studied in this field and familiarized several
aggregation operators and their application also. After the appearances of intuitionistic fuzzy set model Yager [6]
generalize intuitionistic fuzzy set and presented a new set called Pythagorean fuzzy set. In [7] Eiegwa et al argued
some universal properties of intuitionistic fuzzy sets. There are many aggregation operators and its applications
have been developed in [8, 9, 10] In this paper we introduce some basic definitions of Pythagorean fuzzy sets,
several important operations on Pythagorean fuzzy sets, some basic algebraic laws of Pythagorean fuzzy sets, some
model operators of Pythagorean fuzzy sets, and normalization of Pythagorean fuzzy sets.

The paper has been structured is as follows: In the next section, we give some basic results associated to the
fuzzy sets. In section 3, some operators on fuzzy sets will be discussed. Finally, we win up our work by conclusion.

2. PRELIMINARIES

Definition 2.1 [1] Let M be a fixed set, then a fuzzy sets Q in M can be define as:
Qz{(m,ﬂ,g(m))|meM}, (1)

where ﬂQ : M —[0,1], is called membership degree of m € M .

Definition 2.2 [2] Let M be a fixed set, then an IFS in M can be define as:

[={(m,2,(2),m,(m)) | me M}, (2)

where A, (m) and 1, (m) are mappings from M to [0,1] , with conditions
OS/ll(m)Sl,OSUI(m)Sl and 0<A,(m)+n,(m)<l, for  all meM . Let
7, (m)=1=A,(m)—n,(m), then it is called the intuitionistic fuzzy index of m e M to set I, representing
the degree of indeterminacy m to I. Also 0<7m,(m)<1 forevery meM.

Definition 2.3 [6] Let M be a fixed set, then a PFS in M can be defined as follows:
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P={(m,2,(m),n,(m))|meM},  (3)
where  A,(m) and 1,(m) are mappings from M to [0,1] , with conditions 0<A,(m)<],
0<7n,(m)<1 and also 0< Aa(m)+n, (m) <1, foral meM , and they denote the degree of

membership and degree of  nonmembership of element meM to set P . respectively. Let

p(m) = \/1 - /113 (m)— 7712) (m) , then it is called the Pythagorean fuzzy index of element me M to set P,

representing the degree of indeterminacy of m to P . Also 0<m,(m)<1, forevery meM

3. Some Operations on Pythagorean Fuzzy sets
In this section we discuss some operations and relations on Pythagorean fuzzy sets.

3.1 Some Relation on Pythagorean Fuzzy Sets.

Definition 3.1.1: Let S and T be two Pythagorean fuzzy sets. Then S and T are called similar sets if the following

conditions hold:
As (m) =2z (m) or ng (m) =11 (m).  (4)
Definition 3.1.2: Let X and Y be two Pythagorean fuzzy sets. Then X and Y are called comparable sets if the

Jfollowing conditions hold:
As(m) =4, (m) and n;(m)=n,(m). (5)

Definition 3.1.3: Let S and T be two Pythagorean fuzzy sets. Then S and T are called equivalents sets if the
following conditions hold:

g : Ag(m)—> A, (m) and g : 55 (m)—n,(m),(6)
both are bijective functions.
Definition 3.1.4: Let S and T be two Pythagorean fuzzy sets. Then S is called the subset of T and T is called the
superset of S if the following conditions hold:

As(m)< A, (m) and g (m)=n,(m). (7)
Definition 3.1.5: Let S and T be two Pythagorean fuzzy sets. Then S is called the proper subset of T if the
following properties hold.:

ScT,andalsoS=T.  (8)
Definition 3.1.6:  Let S, T, and R be three Pythagorean fuzzy sets. Then
(1) IfS QS. Then S is said to be the reflexive relation,
2)S Q Tand T @ S. Then it is called symmetric relation

3)S Q T,T Q R, and R Q S. Then it is called transitive relation.
Definition 3.1.7: If a relation is transitive, symmetric and reflexive, then it is known as equivalence.

Theorem 3.1.8: Let X and Y be two Pythagorean fuzzy sets, If X Q yand v Q X. Then X and Y are equivalence.
Proof: Straightforward.

Theorem 3.1.9: Let S and T be two Pythagorean fuzzy sets, If S CjS, SQ7and 7 QS Then S and T are
compatible.

Proof: Straightforward.

Definition 3.1.10: Let S and T be two Pythagorean fuzzy sets. Then their basic properties can be defined as:
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{(m. s (2 (m) 27 (m)). i (o ().
SﬂT:{<m,min(iS (m), 2, m)) max (ng (m),n, (m))>|meM} (10)

(m)),
S+T_{<m, () (2 o)) (25 o) <@<m>>i>|meM}, o

15 (m)n, (m)

SxT_{m<m,J(ns<m>>z+(m<m>)2—(ns<m>>2<nr<m>>i>meM} -
A, (m), (m)
S ={(m,ns(m), Ag(m)) | m e M} (13)

3.2 Some Basic Algebraic Operations on Pythagorean Fuzzy Sets
Definition 3.2.1: Let X, Y, and R be three Pythagorean fuzzy sets, and then the followings laws hold:

(59 =S (14)
sUs=s (15)
SNS=S (16)
SUr=rus (17)
SNT=TNS (18)
(SUT) =s°NT* (19)
(SNT) =sUr* (20)
su(rns)=s (21)
sN(rus)=s (22)

(SUT)UR=SU(TUR) (
(SNT)NR=SN(TNR) (24)
SU(TNR)=(SUT)N(SUR)  (25)
SN(TUR)=(SNT)U(SNR)  (26)
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S+T=T+S (27)
SxT=TxS (28)
(S+T)+R=T+(S+R)
(SxT)xR:Tx(SxR)
(S+T) =8°xT*

S+(TUR)=(S+T)U(S+R) (33)
S+(TNR)=(S+T)N(S+R) (34)
Sx(TUR)=(SxT)U(SxR) (35)
Sx(TNR)=(SxT)N(SxR) (36)

3.3: Some Modal Operators on Pythagorean Fuzzy
We are going now to define two modal operators on Pythagorean fuzzy set, which convert every Pythagorean fuzzy
set into PS.
Definition 3.3.1: Let X be a Pythagorean fuzzy set in Z, where Z be a fixed set. Then the following conditions hold:

DS:{<m,/1S (m)lmeM>} :{<m,ﬂ,s (m),1- A (m)lmeM>} (37)

<>Sz{<m,1—77s (m)|meM>}:{<m,1—77S (m),nS (m)lmeM>} (38)

Theorem 3.3.2: Let X be a Pythagorean fuzzy set in Z, where Z be a fixed set. Then the following conditions hold:
(1) 00S=S
2 00§ =08
3 HS=S
@ 00S=S§
Proof: Here we prove only (1) and (2), (3), (4) can be proved by the using of (1) and (37), (38).

S = {(m, As (m),ng(m)) | m e M}

Theorem 3.3.3: Let S and T be two Pythagorean fuzzy sets in M, where M be a fixed set. Then the following are
hold:

1 O(SNT)=SNT
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2 O(SNT)
(3) T)
@ O(SUT)=0sUO0T

(
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(
() U(S+T)=S+0T
(§xT)=
(
(

|
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c

<

6) U(SxT)=85xAT
(N O(S+T)=0S+0T
®) O(SxT)=08x0T

Proof: We can prove only (1) and (2) and the remaining are straightforward.
(1) As we know that

SNT ={(m,min (4 (m), 2 (m)), max (5 (m),n, (m))) | me M|
(SNT)={{m,min (A (m), 4 (m)))|me M|
:{<m,/1S(m)>|meZ}m{<m,/1T(m)>|mGM}

(2) As we know that

=0SNOT.

Theorem 3.3.4: Let S and T be two Pythagorean fuzzy sets in M, where M be a fixed set. Then the following
conditions hold:

() ScT ifandonlyif OSdIT
2) ScOT ifandonlyif O0ScOT
Proof: (1) As we know that

0T = {(m, A, (m)) | m e M’}
={(m, 2, (m),1= A, (m)) | m e M}
{(m, Az (m),m, (m)) | m € M}

=T.

Similarly US =5 . Thus .S 1T . Conversely, suppose .S d17T. Since 1S =S. Thus S 7.
(2) Since

0T ={(m,1=n,(m))|me Z}
= {<mal_77r(m)a77T(m)> |meZ}

= {(m, 2, (m), 1, (m)) | m € Z}
T.
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Similarly 08 =S. Thus OS < OT. Conversely, suppose O0S < 0T. Since 0S5 =S. Thus S < OT.

3.4 Normalization of Pythagorean Fuzzy Sets

Definition 3.4.1: Let M be a complete set, then the normalization of Pythagorean fuzzy set S can be represented by
NORM(S) and define as followings.:

NORM (S) = {<m,/1NOW (m),?]NORM(S)(m)>|meM}, (39)

where
y)
Ao =—2 (40)
sup(/l(s)(m))
and
sy (m) =inf (175, (m)

Including 7 noru (s) (m) Thus equation (39) can be written as:

NORM () = {11, Ay (1) D s (1) Ty (1)) | m € M, (42)

where

ﬂ-NORM(S)(m):\/l (NORM (m)) (nNORM(S)(m))z' (43)

Theorem 3.4.2: Let M be a universal set, and S be the Pythagorean fuzzy set in M. Then the following conditions
hold:

(1) 7y (m)=0. Then ”NORMs)(m)
(2) NORM (0S)=1(NORM (S))
(3) NORM (0S)=0(NORM (S))

Proof: Straightforward.

Example 3.4.3: Let M = {ml,mz,m3} R and S be a Pythagorean fuzzy set such that
$={(05,0.6),(0.7,04),(0.6.0.5)}.  Then sup (A5)(m)) =07 and in f (m(m))=04.  Thus
NORM (ml) 0.714,4 NORM (S (mz) 1.0, }“NORM (m3) =0.857, and

UNORM(S)(ml) =0.333, M voru(s) (m,)=0.0, Myoru(s) (my)=0.166. Clearly
2 2
0 ( NORM (ml ) +(77NORM(S) (I’I’ll)) Sl
2 2
0= ( NORM(S (mz ) +(77N0RM(5)(m2)) <1

2 2
0= ( NORM(S (m3 ) +(77N0RM(S)(’”3)) <1
Thus NORM (S ) is a Pythagorean fuzzy set.

We are going now to prove the Theorem 3.3.2 . Since

(NORM (mz)) (UNORM(S)(mZ))ZZ

And
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”NORM(S)(mz):\/l (NORM (mz)) (77N0Rz\4(s)(mz))2

=0
Ifweput m, =m , we get 7 voru(s )( ) 0.
Now we prove that NORM DS ( ) For this we have 11§ = S. Then we have
NORM (0S) = {(0 714,0.333),(1.0,0.0),(0.857,0.166)}.
If
NORM (1S) ={(0.714,0.333),(1.0,0.0),(0.857,0.166)} .
Then
I(NORM (8))={(0.714,0.333),(1.0,0.0),(0.857,0.166)}
Thus

NORM ([1S) =1(NORM (S)).

Next we are going to show that NORM(OS) = O(NORM(S)) . As we know that OS = S. Then we have

NORM (0S)={(0.714,0.333),(1.0,0.0),(0.857,0.166)}
b/
' NORM (0S)={(0.714,0.333),(1.0,0.0),(0.857,0.166)}
Then

0(NORM ())=1{(0.714,0.333),(1.0,0.0),(0.857,0.166)} .

Thus NORM (0S)=0(NORM (S)).

Theorem 3.4.4: Let M be a universal set, and S be the Pythagorean fuzzy set in M. Then the following conditions
hold:

(1) NORM (M )= NORM (OM )
@) O(NORM (S))=0(NORM(S))
Proof : As we know that

S = {{m. A; (m).ns(m)) | me M}

As we also know that the operators convert the Pythagorean fuzzy set to fuzzy set, since we have

As(m)=1-n4(m) andalso 7y (m)=1-A;(m) forevery me M. Thus
08 = {(m, A (m),1- As(m)) | me M}
= {(m. 2 (m). 775 (m)) | m & M}
S.

Again we have

08 = {{m. 1= (m). 775 (m)) | m & M}

= {(m. A (m).ns(m)) | me M}
=S.
Then we automatically say that 1S =0S=S. As 7 S (m) =0. Thus
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NORM(S) = NORM(OS)
Next we prove that
[(NORM (8))=0(NORM (S))
Since

NORM(S) = {<m’ﬁ“NORM (m), Mvorm(s (m)’”NORM( (m)> |meM;

As Tt (m):O. So o (s (m) 0. Therefore the above equation can be written as
NORM (S) = K Ao (mxm@wwgm»|meﬁ4y
As
(NORM (m)) (UNORM(S)(m))zz
Thus
(NORM () = £{1, Ay (5) (1) 1= Ayopay(s)(m)) | m € M}
= 1, Axonaits) M) Mo sy (m)) | m € M}
= NORM (S).
Again
o(pa)RAJ(S)):;<ng1—nMRM“jonLnMﬂMw¢ﬁﬁ>|nzeA4}
= 1. Axonarts) (M) Mo sy (m)) | m € M}
= NORM ().
Thus
SNT ={(m,min (4 (m), 2 (m)), max (7 (m), 7, (m))) | m e M}
SNT ={(m,min (1=, (m),1-n, (m)),max (1= A; (m),1= 2, (m))} | m e M |
O(SNT)={{m,min(1=n5 (m),1=n, (m))) | me M|
:{<m,min(1—77$(m))>|meZ}ﬂ{<m,mm(l 1 (m ))>|meM}
=0SNOT
CONCLUSION

In this work, we presented successfully some important summary of Pythagorean fuzzy sets. We discussed
some several basic operators and important definitions on Pythagorean fuzzy sets. In addition we presented the
concept of model operators and normalization Pythagorean fuzzy sets.
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