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ABSTRACT

This paper explores the problem of tank drainage through circular pipe of an unsteady, incompressible, isothermal
couple stress fluid. The exact result is obtained from governing continuity and momentum equation’s focus to proper
preconditions. The Newtonian solution is retrieved from this proposed model on substitution ¥ —> 00 . Declaration

on behalf of velocity profile, volume flux, average velocity, depth and also relationship how does the time vary with
length and time required for complete drainage are obtained. Effects of various emerging parameters on velocity
profile v. and depth H(?) are presented graphically.
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INTRODUCTION

In current years, non-Newtonian fluids have gained considerable attention because of their numerous biological,
industrial and technological applications [16-19]. Here few cases of non-Newtonian fluids such as tooth paste,
drilling mud, greases, paints, blood, polymer melts, clay coatings etc. It is an expansive class of fluids so; there is
not a single model that can handle all the properties of such fluids as is done by the Newtonian fluids (described by
the well-known Navier-Stokes equation) [20-23].

In this regard, several constitutive equations have been proposed to predict the physical structure and behavior of
such fluids for different materials [6-7]. Between these, the couple stress fluid model proposed by V. K. Stokes in
1966 [8] has different characteristics, such as non-symmetric stress tensor, body couples and the presence of couple
stresses. The couple stress theory was developed for particular fluids whose microstructure is mechanically
momentous. The first theoretical study in cylindrical co-ordinates is given by K. C. Valanis and C. T. Sun [5], they
also compare theoretical study with experimentally. Couple stress fluids are capable of portraying distinctive types
of suspension fluids, blood, lubricants and so forth and contain lot of application’s, especially in industry like a
extrusion of polymer fluids, cooling of metallic plate in a bath, colloidal solutions and solidification of liquid
crystals etc. Extensive study about couple stress fluid dynamics has additionally written by Stokes in 1984 [9]

The drainage of a fluid through pipe of a tank under the action of gravity is an old, howevercomplicated
problem. The tank may be drained by an attach pipe or may be drained throughevenhanded hole “orifice situation”.
The pipe possibly could be horizental or vertical or may contain a complete piping system with horizental extension
and vertical drop with fittings and valve, etc. Usually tank has a shape of cylinderical contain a vertical
wallhoweverbottom maybe conical hemisherical or by flat or might be additional shape. There is sometimesintrest in
draining the tank should be totally dry in which situation the bottom shape needs to be accounted for and
occasionally not.

Classifications of gravity draining fluid’s are used extensively throughout industries, a small number of
such classifications are: draining condensate into storage, water distribution, waste water management and dams,
retrieval of chemicals from tank farm. The generated model will accurately represent tank draining behavior for all
tanks with a similar setup. End effects, accuracy of time measurement, accuracy of height measurements and friction
losses will be taken into consideration [2].

An outstanding evaluation of exact solutions of the “Navier-Stokes equation” has been given by Wang [3]. In this
manuscript, we studied tank drainage problem of couple stress fluid through by cylindrical pipe. Exact solutions of
the consequential differential equations subject to boundary conditions, are obtained. For taking parameter ¥ —> o0,
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we retrieve velocity profile for linearly viscous case [4]. Also relationships for velocity-profile, flow rate, average-
velocity depth of fluid in the tank and time required for complete drainage are calculated.

Kashif [11] analyzed second grade fluid for preamble effects over an oscillating plate and found expression of
velocity field and shear stresses using Laplace and Fourier sine transforms on the governing partial differential
equations of fluid flows. Kashif et al. [12] worked on Rayleigh stokes problem on generalized burger fluid using
finite Fourier sine and Laplace transforms. They found velocity field using limiting cases of Newtonian and non-
Newtonian fluids for different models. In another study, the effects of magnetic field on fractionalized viscoelastic
fluid have been observed by Kashif et al. [13]. They found that behavior of fluid flow in presence of magnetic field
was resistive due to Lorentz force. Kamran et al. [14] worked on un steady drainage problem using power law model
down a vertical cylinder by using Jeffrey's approach. Kashif et al. [15] also investigated the impact of uniform and
non-uniform magnetic field on Maxwell fluid.

This paper is organized by means of follows: Section number 2 provides basic equation’s for the couple stress fluid.
Section number 3 provides formulation and solution of the problem. Section number 4 deals with volume flux,
average velocity, relationship how does the time vary with length and time required for complete drainage. Results
and discussion are given in section number 5, while conclusion is provided in section number 6.

2 Basic Equations
Essential governing equations for incompressible couple stress fluid disregarding thermal effects are [10,24]:

V-Vv=0. (1)

p%:]Z—Vp+pb+V-T—77V4V,(2)

The symbol V represent velocity vector, 0 denotesthe constant density, p be the dynamic pressure, bis the body

D
force, T the extra stress tensor and 77 is the couple stress parameter. The operator 3 denotes the material
t

derivative. The extra stress tensor describing a Newtonian fluid is made by:

T= /A, 3)
Here 4 represent is the coefficient of viscosity and Al be the 1% Rivlin Ericksen tensor,represented as:

A =VV+(VV).
3 Tank drainage
Consider a cylindrical tank containing an incompressible couple stress fluid. The radius of the tank is assumed to be

R, and diameter d . The initial depth of the fluid is chosen to be /1. The fluid in the tank is drained down by
means of a pipe having radius R and length L . Further more letting H () be the depth of fluid in the tank at any

time .Flow of fluid in the pipe is due to gravity and pressure of the fluid in the tank.

We plane to calculate the velocity profile, pressure profile, flow rate, average velocity, relationship how
does the time vary with length and the time required for complete drainage. Here we use cylindrical coordinates
(7,8, z) with r -axis normal to the pipe and z -axis along the center of the pipe in vertical direction. As the flow is

individual in the z -direction and the & and » components of velocity vector V are equal to zero,

V = [V", v@’ vz] = [O’O’VZ (7", t)l (4)
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Figure 1: Geometry of the tank drainage flow down through pipe

Using profile (4), the equation of continuity (1) is indistinguishably fulfilled and the momentum equation (2)
diminishes toward

g
r —component of momentum: 8_p =0, ®)]
v
1 op
6 —component of momentum: ——=0, (6)
r 06
ov 0
z —component of momentum : pa—z = —a—p + Vv, =V, + pg. (7)
t /4
From equations (5 - 7) we can see that the equation of motion is now quite simple, yielding that the pressure is only
function of z and 7 and the equation to be solved for v_(7,?) is
ov 0
P P Vv, =V + pg. ®)
ot 0z

Equation (8) is a partial differential equation for p and v_ . The velocity in the pipe flow remains nearly constant
with time due to slow draining such that we may neglect the time derivative —=. Also flow in the pipe of radius

R is due to both gravity and hydrostatic pressure. The pressures at the pipe entrance and exit are respectively,
at z=0, p=p =pgH(t),
at z=L, p=p,=0,

so that
g H (¢
op _ pgH®) ©
0z L
The equation of motion (8) thus reduces to
H
Vi (u—nV*)v, =—pg[%+l} (10)

To solve equation (10) first we let

w, ~nVv, = an

By using equation (11) then we can write equation (10) as:

ldf d¢)__ |H®O
rdr(rdrj pg[ L +1} (12)

Associated boundary conditions are taken as [5]

¢  finite at r=0 (13)
v finite at r=0 (14)

z
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v. =0 at r=R (15)
d*v. o ldv,

dr? nEdr_

Where 77' is constant associated with couple stress, solving equation (12) subject to the

at r=R (16)

boundary condition (13), we get

@ = _E[H_(Z)_F]}
dr 2 L '

Integrate to equation number (17) with respect to 7 then substitute into equation (11), once we
obtain

2 2
d ‘;z +ldvz _72‘}2 ng[m+1:| r_+Cl (18)
dr r dr ni L 4

amn

Where C | represents the constant of integration and 72 = fad . Complementary integral of

equation (18) taking account of act from equation (14) is given by
v.=C,1,(yr) (19)
Here [ is the modified Bessel function of order zero and C, is the constant of integration.

Particular integral of equation (18) is given by direct substitution.

2
v, = —%{H—m+l}[’ﬂ—+ C (20)
ynl L 4
Thus the complete solution of V_ can be written as
H 2
v, :C2lo(yr)—%[ﬁ+l} el @1)
y'nl L 4

By using boundary conditions from equation (15) and (16) into equation (21) for evaluating the
values of constant of integration, after considerable calculation once we get

H(t)
pg[ + 1}(77 "L, (y R~ 1,(y1)]
v, :f_g[?+l}(R2 —rz)— L TOR (22)
a 2y u{wﬂ o R — (17 + n)(l(lye)ﬂ

Where /} is the modified Bessel function of order one and Note that for y —> 00, we recover
The solution for Newtonian fluid [4] which is first term of right hand side

Flow rate, average velocity and relation of depth of the tank with respect to time
The “flow rate Q" per unit width is specified through the formula

R
0= I27zrvz (r,t)dr.(23)
0
Using velocity profile (22) in equation (23), one can calculate the flow rate

pelH@) + LY | iyl 4+ R2p2 )+ 4|1, (Ry) (7 + 7 )RA, (Ry ) + 4 n‘)oﬁl[;Z;RZﬂ
(24)

0= 8Ly Ry 1,(Ry)—(+1")Ry I,(Ry))
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R2 2
Here ( F (; 2 ;T represent HypergeometricOF 1regularized function, which can be specified as:

_ % = (R?y? k 1
oFl:25—— =2, (25)
4 ~l 4 ) TQ+kk
We determine the average velocity, V by using the formula
7_ 9
V =—=.06
e (26)

So the average velocity of the fluid flowing down the pipe is

/’g[H(f)JfL]R{{’?(—“sz)+477'}10(R7)—(77+77')R711(R7)+4(77—77')0131(;2;R ! ﬂ
7

(27)
8Lyu(Rynl,(Ry)— (1 +1' )R, (Ry))

Mass balance over the entire tank is

dl ., _
E[ﬂ'RTH(t)]— ~0). (28)

Substituting flow rate from equation (24) into equation (28) and then separating variables on both sides of equation
one obtains

2 2
@1@{{77(—4%272 }F477'}10(R7)477+77')Rﬂ1(R7)+4(77—77')0E[;2;R4yH

H()= ( H. + L)e 8RELyul Rynly(Ry)~(n+1) Ry I, (Ry)) I
0 s

(29)
and the time required for complete drainage is obtained by taking H (¢) =0 in
. —8R,LydRyn1,(Ry)—(n+n)Ry I,(Ry)) o HO+L] o
3 2,2 ) ' N R272 HO +L
PR =4+ By )+ 4y Ry )= Rod, (Ry )+ A= 12:

Ve (7, 8)

-4 -1 o 2 4

F

Figure 2: Effect of 77' on velocity profile, when
1 =27.5.5 poise,p=0.78 g/ cm’
R=5cm,L =10cm,H(t) = 20cm.,n =8

Figure 3: Effect of /7(¢) on velocity profile, when
1 =11.5poise, p=0.78g/cm’
R=5em,L =10cm.,n =0.6,n'=10
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Figure 4: Effect of R on velocity profile, when

1 =27.5poise, p=0.78g/cm’

L=10ecm,H(t) =20cm,n =n'=1.
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Figure 5: Effect of O on velocity profile, when

L =11.5poise,R =5cm
L =10cm,H(t) = 20cm,n = 0.6,n'=10.
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Figure 6: Effect of L on velocity profile, when

1 =11.5poise, p=0.78g/cm’

R=5cm,H(t)=20cm,n =0.6,n'=10.
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Figure 7: Effect of 4/ on velocity profile, when
£=0.01,p=0.78g/cm’
R=5cm,L =10cm, H(t)=20cm.
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Figure 8: Effect of 77 on velocity profile, when
n=31.5poise p=0.78g/cm’,L=10cm,
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Figure 9: Effect of /7(¢) on flow rate, when
1 =27.5poise, p=0.78g / cm’
R =5em,L=10cm.,n =4,n'=1.
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Figurel0: Effect of R, on depth, when
1 =275poise, p=0.18g/cm’, =06
t=1H,=20cm,L =10cm, n'=1.

4 RESULTS AND DISCUSSION

In the above sections we studied tank drainage problem using an incompressible couple stress fluid, exact solutions
for the differential equation is obtained by using Bessel and HypergeometricOF 1regularized function. The variation

of velocity profile v_, flow rate Q and depth H () has been investigated on different parameters. The effects of the
couple stress parameters 77'and 1, dynamic viscosity £, depth H (¢), length of pipe L, pipe radius R and
density © on velocity profile are observed through figures (2) - (8)and effect of the depth H (¢) on flow rate is

shown in figure (9)and effect of the radius of tank R, on depth H (¢) is examined in figure (10). In figures(2) — (8)
it is detected that the magnitude of velocity increases as the increase with couple stress parameter77', depth H (7) ,
pipe radius R and density p and decreases for the increase of length of pipe L, dynamic viscosity /£ and couple

stress parameter 77 .In figure 9for the increase H (¢) we detected that flow rate increasesand in figure (10) depth

H (¢) with respect to pipe radius R is plotted, we detect that H () decrease with increase of radius of tank R .

5 Conclusions

Considering equation for unsteady, incompressible, isothermal tank drainage flow for the couple stress fluid. We
have obtained exact solutions for “velocity profile, flow rate, average velocity and time required to complete
drainage”. Here itis noted that for the couple stress parameter ¥ —> o0, solution (22) reduces to the Newtonian

solution [4]. A relationship (30), how does the time vary with length is derived. It is noted that as the fluid is
becoming thicker, velocity of the fluid decreases.
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